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[IpexucioBue

Kuura npeiHasHauaercs [Js CTYyAeHTOB TEXHOJOrH4YeCKHX
crmeuMasbHOCTEH BBICIIMX TEXHHYECKHX yueOHBIX 3aBElEHHH M CO-
OTBETCTBYET NPOrpaMMaM [Jsi 3THX CMEUHaJbHOCTER MO COOTBET-
CTBYIOILHM pa3fenaM. B Heft Hapsly ¢ TeOpeTHUECKHM MaTepHa-
JIOM TIPHBEAEHO MHOro noapo6HO pa3o6paHHbBIX TNPHMEPOB H
3aja4, YTO HECOMHEHHO MOMOXeT CTYJeHTaM Jyullleé YCBOHTb
TEOpPEeTHUECKYIO 4acTb Kypca.

YpoBeHb CTPOrOCTH NPH H3JOXKEHHH MaTepHaja COOTBETCT-
ByeT OGBIYHO MPHHATOMY BO BTY30BCKHX Kypcax.

YueGHOe nocobue COCTaBJEHO COTPYAHHKaMH Kadelpbl Bbic-
wei MareMaTHKH DBesopyccKoro TEXHOJIOrHYECKOro HHCTHTYTA
um. C. M. KupoBa: KaHa. TexH. Hayk, nou. C. fI. Adsepuxo,
crapinmu npenopaBaTtensmu M. M. [loaonckum u H. A. Cro-
doabruk. C. §1. Ansepuxo HanucaHa raasa lIl ¥ coBMmecTHO ¢
H. A. Cronoabuuk raasa I1, U. M. ToaoHckum — raasa 1 u IV.

[Tonp3ysce cayuaeM, BbIHOCHM MCKpPeHHIOI0 6/1arogapHocCTb
E. E. Jopckomy u A. M. Kosno6oBy, BHUMAaTE/IbHO NMPOCMOTPEB-
IIHM PYKOMHCb M [JAaBIUKM Psd LEHHBIX YKa3aHHIl.
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I'aasa I

JluneiiHble NMpeoOGpa3oBaHUs W MATPHULbI

JlnHeiiHble mpeo6pa3oBaHUs HAxXOAAT [IHPOKOe NMpHMeHeHHe
npH M3yYEHHH CBOHCTB reomMeTpHyeckux ¢uryp. BnonHe nonstHo,
yTO, M3yuass CBOHCTBa Kako#-1u60 ¢Hrypel, MOXHO COBepllaTh
TOJIbKO TakKile Npeo6pa3oBaHHsi, KOTOPble He MEHSIOT HHTepecylo-
mHe Hac ee cBoicTBa. JIMHellHble npeo6pa3oBaHUs BIOJIHE OMpe-
geaslorcs cBouMH TabauuaMu  KoaphuuueHTOB. ITH TaGAULBL
Ha3blBAalOT MAaTpPUUAMH JIHHEHAHBIX Npeo6pasoBaHui. MaTpuiisl
cJyXaT oueHb yAOGHBIM annapaTtoM JJs H3yueHHs: JIMHEHHBIX
npeo6pa3oBaHuil, a 3HAYUT, H CBOHCTB reoMeTpHYecKHX ¢uryp.
Oco6eHHO yAO6GHO MOJAb30BaTbCsl MATPHYHBIM annapaToM afs
pellleHHs CHCTeM JIMHEHHbIX YPaBHEHHUI M YNPOLIEHHs ypaBHeHUMH
KPUBBIX 1l MOBEPXHOCTEN BTOPOro MOpsiika. ITOMY BONPOCY H MO-
cBsllleHa rsiaBa I.

§ 1. JluHeiinbie npeoGpa3oBanus
Ha MJO0CKOCTH

Ecnun kaxpo#l Touke M nJjockocTu P mocraBjieHa B COOT-
BETCTBUE ONpeneneHHas Touka M’ Toii e NJNOCKOCTH, TO TOBO-
PAT, UTO 3a1aHO nPeobpa3osanue NAOCKOCTU.

BBemem Ha maoOcKOCTH P NpsiMOYroJIbHYIO CHCTEMY KOOPIH-
Hat. Torga paHHoe mnpeo6pa3oBaHHe IJOCKOCTH MoOXKeT ObITb
npeacTaBjJeHO aHAJIUTHYECKH B BHIE

x' = P1 (xv y)v 1
Y =9 (x, y).} M

roe X, Yy — KoopaHHaThl TOuKH M; x’, y — KOOpIMHATBI TOYKH
M, a ¢i(x, y) 1 @2(x, y) — onHO3HAYHble ADYHKUHH TNE€pPEMEH-
HBHIX X, Y.

Ecau cucrema (1) npu nio6eix x’, y’ HMeeT eguHCTBEHHOE pe-
eHHe

X = (—P_l(x’- y’)’ (1/)
y= ‘?—2(x’s yl)'

roe oy (x’, y’) U 9q(x’, y’) — ONHO3HAUHble (YHKUHH TepeMeHHbIX
X’ u y’, To cootHoweHnus (1’) Toxe onpeneasioT npeoGpasoBanue
TJIOCKOCTH.

[Tpeo6pasoBanue (1’) Ha3biBaeTcss 06paTHbim MO OTHOLIEHHIO
K npeo6pasosanuio (1). Ecau mpeoGpasoBanue (l) mepeBomut
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Kakyw-nu60 Touky M(x, y) B M’(x/, y’), To npeoGpasoBaHue
(1’ Bosspamaer ToukKy M’(x’, y’) B npexHee MNOJOXKEHHE
M(x, y).

M3 onpegenedns o6paTHoro npeo6pa3oBaHus cJjelyeT, 4TO
He BcsiKoe npeo6pa3oBaHHe HMeeT oOpaTHOoe, TaK KaK He BCH-
Kas cucteMa Bupa (1) 6yner HMeTb eIUHCTBEHHOe pelleHHe
Buga (7).

YacTHbIM cyuaeM npeo6pa3oBaHHs NJIOCKOCTH siBJAsieTCs Tpe-
o6pa3oBaHHe, KOTOpoe BCE TOUKH MJIOCKOCTH OCTaB/seT Ha
mecTe. Takoe npeofpa3oBaHue HAa3bIBAETCS TOHOECTBEHHbIM.

Onpepeanenue. Ilpeobpasosarue (1) naockocTu Hasvi-
saeTca AuHrelnom, ecau @i(x, y) U @z(X, y) — aunelnvie PyHk-
YUU OTHOCUTEAbHO NEPEMEHHbLX X, Y.

Takum o6pasoM, nuHellHOe npeo6pa3oBaHHe MJOCKOCTH aHa-

JITHYECKH TIPeJCTaBJSAETCS B BHIE
x' =ayx+ a,y -+ by, ’
Y =y x + Ay Y+ by,

rae a, Qz, Az, Az, b, by — HEKOTOpblE UHCJ/IOBble KO3hDu-

LLHEHTHI.
[Tonaras b; = by = 0, Mbl NoJAyuuM JHHeliHOe npeo6pa3oBaHHe

NJ0CKOCTH
x' =ayx+a,y, } @)
Y =anx -+ ayy,
KOTOPOe, KakK .1erko BujaeTb, Touky O (0, 0) ocraBsisieT Ha MecTe.
[IpuMepoM Takoro npeo6pa3oBaHHs MOMKET CJYXKHTb MOBOPOT
NJIOCKOCTH Ha YroJ a BOKPYr Hauyaja KOOpPAMHAT, KOrga KOOpAH-
HaTbl TOUKU npeo6Gpasyiorcs no ¢popmynam
x' = xcosa—ysina,
y = xsina + ycosa.
B nasbHeiiiieM Mbpl 6yneM paccMaTpHBaTb TOJIbKO JIHHelHbIe npe-
o6pasoBanus Buaa (2). Ecau onpenenutens cucremsl (2)
A = a3y
g1 Qoo
He paBeH HyJIlO, TO 3Ta CHCTEMa HMeeT eIHHCTBEHHOEe pellleHHe
OTHOCHTEJNIBHO X, Y (npu J106biX X', y)
X = bll x, + bl2 y,’ } (2/)
y = b21 x, +.b22 y,.
[Tpeo6pasoBanne (2') takke 6ymer JauHeilHbIM. ITo OTHOLUe-
HHIO K (2) npeo6GpasoBaHue (2') siBasieTcsi oGpaTHBIM.
Onpenenurens

a a
A= 11 12

Q1 Qge



HasplBaeTcs onpedeiutesem AuHeliHo20 npeobpasosanus (2).
OueBHAHO, UTO ONpedeJHTeNb 06paTHOro npeo6pa3oOBaHUsI OTJIH-
yeH OT HyJ/f, TaK Kak cucteMa (2’) poJXHa HMeTb eIMHCTBEHHOe
peueHiie (2) npH J06HX X, Y.

Mpumep. [laHo nHuHelHOe npeoGpa3oBaHue

x' = 3x + 2y, }
y =T7x+ by.

Harfitn o6paTHoe npeo6pa3oBanue.
PemweHue. :

x’ 2‘ |3 x’
oy 5, P V4 , ,
¥=gg T W Y =—g o =T+,
7 5 7 5

§ 2. JIuHeiiHble npeoGpa3oBaHHsl B MPOCTPAHCTBE

Ecan kaxpoii Touke M mpocTpaHcTBa MNOCTaBjieHa B COOT-
BeTCTBIle oONpejefeHHas Touka M’ Toro e INpOCTpPaHCTBA, TO
rOBOPAT, UTO 3a1aHO npeobpas3osaHue nPocTPaHcraa.

BriGepeM B nmpocTpaHCTBe NPSAMOYrOJIbHYIO CHCTEMY KOOpPIH-
Har. Torna gaHHoe mpeoGpa3oBaHHe NMPOCTPAHCTBA MOXKET ObIThb
npeacTaBieHO aHAJIUTHYECKH B BUIE .

’

X' =¢1(x, s 2),
4

Y =9 (x, y, 2), 3)
2 =93(x ¥, 2),

roe ¢i(x, y, 2), @2(x, Y, 2), @3(x, Yy, 2) — ogHO3HAUHble PYHKLUIIH.
Ecan cucrema (3) uMmeeT eIHHCTBeHHOe pellleHue (NpH JoO-
Obix X/, y',; 2')
x=o (Y, 2),
y=9:(x"y,2") @)
z=o3(x, v, 2')s
TO cooTHouleHus (3’) Toxe onpexeasiloT npeo6pasoBaHHe Npo-
cTpaHctBa. [Ipeo6pa3oBanue (3’) Ha3biBaeTcs 06parHbLm NO OTHO-
meHuo K npeoGpasosanuio (3). Ecau npeo6pazosanue (3) nepe-
BOAHT TOYKY M (x, y, 2) B Touky M’(x’, y’, 2’), To mpeo6pasoBanue
(3") BosBpamiaer TOouky M’(x’, y’, 2’) B npexHee IOJNOXKeHHe
M(x, y, 2).
Tak kak He Bcsikas cucreMa (3) HMeeT eIMHCTBEHHOe pelle-

HHe npu Jo6bix X', ¥’, 2, TO U He BcsKoe npeo6pasoBaHue (3)
HMeeT obpaTHoe.



Onpepgenenue. IIpeobpazosanue (3) npocrpancrea Ha-
3bi8aerca AuHetnboim, ecau @i (x, Y, 2), @2(X, Y, 2), @a(x, y, 2) —
AUHelnble PYHKYUL OTHOCUTEAbHO X, Y, 2.

Takum o6pa3oM, JHHellHOe npeoGpa3oBaHHe NPOCTPAHCTBA

onpeznenasiercs GopMmyJaamu
¥ =auXx+ a6,y + a2+ by, ‘l
Y =anX—+ GyuY+ 32+ by, I
2 =05 X+ G334 + A332 + by,
rae ai, b; (i, k=1, 2, 3) — HeKOTOpble uYHCJIOBBlE KO3 (HLHEH-
Thl. Jlerko BHAETb, 4TO JIHHeHHOe NMpeoGpa3oBaHUe MPOCTPAHCTBA

IIJIOCKOCTb npeoﬁpaaye'r B MJOCKOCTbD.
[Tonaras b, = by = b3 = 0, nonyunm nHHelHOe mpeo6pa3oBa-

HHe NpOCTpaHCcTBa
x' = ayux + apy + 4192,
Y = QX + gl —+ Aps2, 4)
2\ = ag X 4 agY + a3,

KoTopoe ocraBasier Ha Mecte Touky O (0, 0, 0). B paabueitem
6yneM paccMaTpHBaTb TOJbKO TaKHe JHHelHble npeo6pa3oBaHUs.
OnpeneanTteb

Q11 Gz Oy
A =lay ay asy
Q31 G3; Q33
Ha3blBaeTcsi onpedeauresem Auxeldnoeo npeobpasosanun (4).
Ecan A#0, To cucrema (4) HMMeeT enHMHCTBEHHOe peLlleHUe
x = bux" + by’ + bys?’,
’
Y = bux’ + bagly’ + bys?’, #)
2 =byx' + byl + b2’
CoorHowenns (4’) onpenensitoT nHHeiliHOe npeo6pasoBaHue, 06-

patHoe Mo OTHOlIEHHIO K mpeo6pa3osaHuio (4).
NMpumep. Jauno auneitHoe npeoGpasoBaHue

x' =x+4+ 2y+ 2,
Yy =2x+y+z2
2 =x+3y+ 2

Hafitn o6patHoe npeo6pasoBaHue.
Pewenue Haligem nepeMeHnble X, y, 2 no ¢opmynam



rae

121 x 21
A= 2 l l =l; A.t= y, l l =—2x,+y’+z';
131 2 31
1 x' 1 12 x
A,=[2y l|l=—x'+2, A, =|21y |=5—y =32,
o121 1 32
Torna

x=—2"+4+y 472,
y=— x + Z,v
z2=50x"—y —32.
3aMeuaHnne. Ecin onpenenntens nHHeiiHoro npeo6pa3oBaHus (mJoc-
KOCTH HJH TIPOCTPAHCTBA) OTJIHYEH OT HyJs, TO Npeo6pa3oBaiHe Ha3blBaeTcs

HesuLPONCOEHHbIM, €CIM JKe OH paBeH HYyMoO, TO Npeo6Gpa3oBaHile HAa3bIBAETCS
eoiposxcdennoim. BripoxaeHnoe npeo6pasoBanHe He HMeeT oGpaTHOro.

§ 3. KsaapaTHbie MaTpHLbl BTOPOro mnopsjaka

JluHeiiHOe npeoGpa3oBaHHe MJIOCKOCTH (2) BNOJHe ompefe-
asercs Tabauueit Ko3ppHuMEHTOB, KOTOpas Ha3blBaercs K8ad-
paTHot maTpuyeld 8Topo2o nopadka U o603Hayaercs

a3y Qe ’ Q31 Gy
A= ( ) i A=
Qpy Qg Q31 Qg

Yucaa a;, Qjg, Qg1, Qg2 HA3BIBAKOTCA 3AEMEHTAMU MATPHIB A.
KaxnoMy snuHe#iHOMy npeo6pa3oBaHHIO NJIOCKOCTH COOTBETCT-
ByeT KBajpaTHas MaTpHLa BTOPOro mopsiaika ¥ HaoGoOpoOT.
[Tyctb Been 3a JuHeilHBIM npeo6pa3oBaHUEM MJIOCKOCTH (2)
BbINOJHEHO JHHeiHoe npeo6pa3oBaHye

x” = byx’ + by, )

Y =bux' + bypy’.
[MocnenoBaresnbHOe BHIMOMIEHHE 3THX ABYX NpeoGpa3oBaHHil me-
peBogHuT TOuKy M(x, y) B Touky M”(x”, y”), T. e. ABaAseTCA HO-
BbIM npeoGpa3oBaHileM

x" = X + €19y, }

(6)
Y’ = Cax + Coy,
KoTOpoe cHOBa OyneT JHHEHHBIM, B YeM Jerko y6equTbCsi, MOA-
craBass B (5) 3HaueHHs ans x’ W Yy’ H3 COOTHOLIEeHHH (2):

x" = byy(ayx + a1ay) + b19(as X + azy), }
Y = by(@nx + a1oY) + ba@g1x + agy)

x" = (bnay + b12851)% + (011015 + D12920)Y, }

Y’ = (621011 + Dgap1)x + (b21@12 + basa0)y.
[Tpco6pa3oBanue (6) Hmeer MaTpULy

HJIH



Cu1 Cip
cn (),

Ca1 Cop
¢y = buan + bieaza; 12 = bnage + bioag;
C21 = baian + bxnas;, €2 = baaiz + baeas.

Takum o6pasom, maTtpuuy C mnpeo6pasoBaHus (6) MOXKHO
HaiTH no marpuuam A u B npeo6pa3oBanuii (2) u (5) cooTBeT-
CTBEHHO.

[Tpeo6pasoBaHuie, nmonyyeHHOe B pe3yJibTaTe MOC/€L0BATEJib-
HOTO BBLIMOJIHEHHS ABYX NaHHBIX NpeoGpa3oBaHHil, Ha3biBaeTcs HX
npoussedenuenm. Onepauus, B pe3y/bTaTe KOTOPOi MO MaTpHLAM
A u B naHHBIX JHMHeiiHBIX Npeo6pa3oBaHMM MNJIOCKOCTH Haxo-
AMTCS MAaTpHLA NpPOH3BeJeHHs1 3THX NpeoGpa3oBaHui, Ha3biBaeTcs
YMHONCEHUem MaTpHul.

JBe maTpuist

;3 Ay by by
A= HB= b b
Qg1 Qg 21 Dag
Ha3bIBAIOTCS PABHOIMU, eCJH
ay = by, a2 = by, az = bay, Az = by,

rae

T. €. eCJH paBHbl 3J1eMeHThl MaTpHL, 3aHUMalolliHe OJHHaKOBble
MecTa.
B paccMoTpeHHOM npuMepe MBI HMeeM:

( Cn Cip ) _ < b1ty + b128 0110y, + blzazz)
by1ayy + byeltyy bo115 + bootye)

(7)
Ca1 Coo
YMHOXeHHe MaTpuubl B Ha MaTpuuy A BBINOJHSETCA MO
NpaBHJIYy «CTpPOKa Ha croj6eu». JTO O3HAyaeT, yTo NPH BHIUliC-
neHun Matpuubl C=BA s nonyuenus snemeHrta ci (i, k=1, 2)
MaTpuubl C HYXHO COCTaBHTb CyMMY NpPOH3BeJeHHIT 3/1eMeHTOB
i-# CTpPOKM MaTpuubl B Ha cOOTBeTCTBYIOIIHe 3J€MEHTH R-ro
cton6ua martpuubl A. Takum o6pa3om, paBeHCTBO (7) MOXeT
6biTb KOPOTKO 3aMHCAaHO B BHJE

C = BA.

Mpumep 1. Haiitu pesyabrar nocienoBaTeIbHOrO BbIMOJHEHHS
npeo6pa3oBanuii

x1=3x+ 2y'= X' = x’+3y’.}
H ’ ’

Yy = x+ 5y y' =2 — y'.

Pewenue.

(23 =(10)

" ’
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1.34+3-1 1-.24+3-5 6 17
C=BA=(2-3—1-1 2.2-1.5 )=( 51 )
[Mpou3BeneHHEM JAHHBIX npeo6pa3oBaHuit GyneT npeo6pasopa-
Hue ¥ — 6+ 175,
y' =5x— y. }
NMpumep 2. Haiitu matpuunl AB n BA, ecn

A 3 —1 B (1—3
=\l2 4) " 772 5)‘
Pewenmne.

3—1) 1—3) (3-1+(-—1)2 3(—3)+(—1)5)
2 4 (2 5/~ \2-14+4-2 2-—3)+4-5 |

1 —14
=(10 14)°
1 —3) 3 —1 (I 34+ (—3)2 l(—l)—l—(——3)4)
2 5 2 4)_ 2.3+5.2 2(—1)+54 o
( —3 —13
16 18 /)°
IMocnepunit npumep mokaseiBaer, uto AB == BA, T. e. npu ywmHo-
KeHHH KBaJpaTHHIX MaTpHL BTOPOro MOpSAKA MNepeMeCTHTEJbHbIMA
3aKOH He MMeeT MecTa.
Orciona cJjenyer, 4TO pe3yJbTaT MOC/AELOBATEIbHOrO BhHINOJI-

HeHHs JBYX JIHHEHHBIX Npeo6pa3oBaHHil MJIOCKOCTH 3aBHCHT OT
NopsiiKa, B KOTOPOM BHLIMOJIHAIOTCA 3TH npeo6pasoBaHus.

AB =

7

BA=(

§ 4. KBagpaTHbie MaTpHUbl TPeThero NOpsaKa

JluHeilHOe npeo6Gpa3oBaHue (4) BnoJHe onpepessiercs Tab-
nuueii K03 GdHUIEHTOB, KOTOpas Ha3blBaeTcsl K8AOpPATHOU Mar-
puyeti TpeToezo nopadka u o603HauaeTcs

a5y Qyp Qi3 Q)1 Q9 Qi3
A =\ ay ay ay Hm A =|ay Gy Qs |-
Q31 Q32 A3 Q3 A3y Qg3

Yucna ai (i, k=1, 2, 3) Ha3plBAIOTCA 34eMEHTAMU MATPHUBL A.
Kaxxnomy nuHeilHOMY npeo6pa3oBaH1i0 MPOCTPAHCTBA COOTBETCT-
ByeT KBajJpaTHasi MaTpulla TpeTbero mopsiaka H Hao6opor.
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IBe KBajpaTHble MATPHUBI TPETbEro NOpsaKa

Q31 Q13 Oy byy b1y byg
A=| Qg Qg Ay | U B=| by byy by
Qg1 Qgp Q3 b1 bgy bsg

CUHTAIOTCS PABHLIMU, €CIH
Aip = bih (i’ k = ,ln 2’ 3)»
T. €. €CJH PaBHEI 3JIeMEHTH MaTpHl, 3aHHMalUIHe OAHHAKOBbIE
MecTa,
[Tyctb Beslen 3a JaMHeHHBIM npeo6pasoBaHHEM NPOCTPAHCTBA
(4) c marpuue#
’ Q11 Qyp Oy
A=\ ay a; axs
Q31 Q3p Qg
BHIMOJIHEHO JIHHEHHOe npeo6pa3oBaHue
x" = by x’ + by’ + byg2’,
Y’ = byx’ + byoly’ + bog?’, ()
Z” = bslx, + bazy, + bssz,
¢ MarpHuen
biy b1y s
B= byy bay bzs
bs1 bgy by,
[TocnenoBaTenbHoe BHINOJIHEHHE 3THUX ABYX npeo6pa3oBanuil ne-
peBoaut Touky M(x, y, 2) B Touky M” (x”, y”, 2”), T. e. aBAseTCA
HOBBIM npeo6pasoBaHHeEM
X" =cpX + Y + €152,
Y’ = CyX + CoaYf + Cos2, )
2" = €% + Cgolf + €392,
KOTOpoe cHoBa 6yjer JHHEHHbIM, B ueM Jierko y6enuTbcs, nop-
craBiasis B (8) 3HaueHua aas x', y', 2’ u3 coorHowennit (4).
Onementhl Martpuubl C JuHeliHoro npeoGpa3oBanus (9) Bhipa-
KalTcsl yepe3 3jeMeHThl MaTpuu A u B ciepyrouum obpasom:
11011 + 012051 + b1y b1yays -+ 01500 + 015850
C = 021011 + 039851 + bas31 021012 + 029820 + Dogls,
3111 + bggay + by3asy baa@is + b3allas + D3z

b11013 + b12053 + by5a35

0113 + bg0055 -+ D234,

051013 + b3253 -+ b33054
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Onepalyisi, B pe3y/ibTaTe KOTOpo# no matpuuam A u B nan-
HbIX JUHeiHbIX npeo6pa3oBaHHi MPOCTPAHCTBA HaXOAMTCHA Mart-
puua C NpoOH3BENeHHs 3THX npeo6pa3oBaHHi, Ha3blBaeTCA YMHO-
HeHuem KBANPATHBIX MaTPHL TPeTbero nopsjaka.

Martpuua C paBHa mnpoM3BeNeHHI0O MaTpHUbl B Ha MaTpu-

A
w C = BA.

YMHOXKeHHe MaTpuubsl B Ha matpuuy A, Kak M B clyyae yMHO-
’KeHHs KBaJpaTHBIX MAaTpHL, BBHINOJHAETCS MO NMPaBHJY «CTPOKa

Ha croJabeuy.
Mpumep 1. Haittu pe3y.bTaT nocienoBaTeqbHOr0 BBINOHEHHS

npeo6pa3oBaHuit
x' = 2x — 3y + 5z,
y = y+ 4z,
2 =2x+4+2y + 32
Pewenue.

2-35 31 —2
A=<0 14 | B=<23 1)
2 23 40 5

3.941:0—2-2 3(—3)+1-1—2.2 3.54+1.4—2.3
C=BA=<2-2+3-0+1-2 2(—3)+3-14+1.2 2.5+3.441.3 |=
4.240-045-2 4(—3)+0.1+5.2 4.54+0.4+5-3

2 —12 13
=| 6 —125]
18 — 2 35

IponsseneHiem naHHbIX npeoGpa3oBaHuil 6yaer npeo6pa3oBaHue
x" = 2x— 12y + 13z,

y' = 6x— y-+ 252,

2" = 18x— 2y + 35z.

Mpumep 2. Haittu npoussenenne matpuubl A Ha marpuuy B,

rie A u B — maTpuubl npumepa 1.
Pewenune.

(2-3_3.2+5-4 9.1—3 345.0 2-(—2)—3-1+5-5>
AB = _

x"=3x"4+ y —22/, l
oy =243y + 2,
2" =4x' -+ 52’. l

0-34-1-24+4-4 0-1+1-3+4-0 0-(—2)+1-144:5
2:3+2-24+3.4 2.1+2.3+3.0 2.(—2)+2-143-5

20 —7 18
=<18 3 21 )
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[puBeseHHbI NpUMEp NoKa3biBaeT, yto AB # BA, T. e. st yM-
HOMKEHHS KBaJpaTHbIX MAaTpHIl TPEThEro MOpsifika nepeMecTHTebHbIN
3aKOH He HMeeT MecCTa.

Orcloga c/aelyeT, YTO pe3yabTaT MOCJef0BaTeJbHOrO BhINOJ-
HeHHs [ABYX JIHHeHHBIX Npeo6pa3soBaHHA NpPOCTPAHCTBA 33aBHCHT
OT MOpfAJKa, B KOTOPOM 3TH NPeo6pa3oBaHHs BHIMOJHSIOTCH.

§ 5. OcHoBHble AEHCTBHA HAJ MaTPULAMH

Jo cux mop Mbl paccMaTpHBaJIH TOJbKO KBajpaTHble MaTpH-
ubl BTOPOro H TPeTbero NUPSAKOB, 3J€MEHTaMH KOTOPHIX CJYXKH-
au uuciaa. Jlagum Tenepb 6GoJiee LIMPOKOe Onpefe/eHHe MATPHLUb.

Onpenenenne. MaTpuyeld Ha3bieaercs NpPAMOY20AbHAR
TabAUYa 3NeMEHTOB, COCTOAUAA U3 M CTPOK U n cTorbyos. Iae-
MEHTAMU MATPUYbL MO2YT CAYNCUTb YUCAQ UAU e PYHKYUU.

MartpHia Ha3bIBaETCHA NPAMOY20AbHOLE, €CIH YHC/IO ee CTPOK He
paBHO u4Hc/y cTosbuoB (m =+ n). Hampumep,

312
~\456/

Ecau xe m = n, To maTpuua Ha3biBaeTca xksadpartHol. Uucao
CTPOK KBanpaTHOW MaTpHiUbl Ha3blBaeTcss NOpPA0KOM 3TOH Mart-
pHLBbIL.

Marpuusl A ¥ B cuHTalOTCH PABHbLIMU, €CJAH OHH MMEKT OOH-

HAaKoBOe UHCJIO CTPOK H CTOJI6IOB U €CJH NpH 3TOM 3JIEMEHThHI
MAaTpHL A n B, pacnoJjiokeHHble Ha ONHHAKOBbLIX MeCTaxX, paBHbI

mexnay coboit. Hanpumep, ecau
B 1 —3 4)
1E=s 23l

4 (1—34
—\5 23)

TO MaTpHubl A U B paBHbl, yTO 3anucbiBaoT Tak: A = B.

K OCHOBHBIM HeilCTBHSIM Haj MaTpHUaMH OTHOCATCH YMHOXKe-
HHe U CJ10XKeHHe MaTpHll H YMHOXeHHe MaTPHLBl Ha YHCJO.

YMHOXeHHe KBagpaTHbBIX MaTpHL BTOPOTrO 1l TPeTbero nopsm-
KOB Mbl paccMoTtpesn B § 3 1 4. AHaJIOTHYHO BbINOJHAETCS YMHO-
XeHHe KBa/paTHBX MaTpHL J060ro nopsjgka.

YMHOKEeHHe NPAMOYrOAbHBIX MaTpPHL BO3MOXHO, €CJH YHCJO
CTO/NIGLOB TNEpPBOro COMHOXHTE/Si PaBHO YHCJY CTPOK BTOpPOro;
B 3TOM cJ/lyuae MX MPOH3BeleHHe HAXOQUTCH MO NMPaBHJIY «CTPO-
Ka Ha ctosbeu». [TosscHUM cKazaHHOe NPUMEpPOM.

ITycts Tpebyercs yMHOXHTb MaTpuuy A Ha mMartpuuy B,
roe

3

2 3—1
A=(3l 4)HB= I2 .

14



Takoe yMHOXeHHe BO3MOXHO, TaK KaK YHCJO CTO/NGLUOB MAaTpHULbl
A paBHO uHcay CTPOK MaTpHubl B. Bbinonisis yMHOXeHHe no
NpaBHJy «CTPOKA Ha CTOJGEU», MoJay4nM
4B 2~3—|—3~2+(-—1)1) (ll)
~(13-3—i—l-2+4-1 15/
IMpousBenenue e BA B 3TOM cJyuyae /HlIEHO CMbIC/a, TaK KakK
YHCJO CTOJIGLOB MaTpulbl B He paBHO uMCJY CTPOK MaTpHuubl A.
Yxe M3 3TOro npuMepa cJjeLyeT, UTO ] YMHOXeHHs MPsAMO-
YroJIbHBIX MaTpHIl MepeMEeCcTHUTEJbHbI 3aKOH He BBbIMOJHSETCS.

MoOXHO MOKa3aTh, UTO cOueTaTe/NbHbll 3aKOH YMHOXEHHS Bbl-
noJIHseTcsl KaK /s KBAaAPAaTHbIX, TaK H [AJ8 NPSIMOYroJibHbIX
MaTpHL, T. e. UMeeT MecTo paBeHcTBo (AB)C = A(BC).

OnpenenuM Tenepb cJlOXKeHHe MaTpHUll.

Onpenenenue. Cymmoid dsyx marpuy A u B, y xoropbix
YUCAO CTPOK U H4UCA0 CTOabyO8 maTpuybt A COOTBETCTBEHHO
paBHbL YUCAY CTPOK U 4ucay croabyos matpuys. B, naseisaercs
Taxkas TpeTbs marpuya C, 3IAeMEHTbL KOTOPOU NOAYHAIOTCA CAO-
HeHuem COOTBETCTBYIOUWuUX 3remenTo8 matpuy A u B.

Mpumep. Haiitu cymmy mMatpuu A u B, ecan

(2—4 5) B (312)
“\3 16)"7% \a23)
Pewmenue.

ot (2—45) (312 _(5—37)
=A+5=13 16/T\ 423 /5\7 39/
Jlerko BuieTb, uTo ecnd cymma Martpuu A u B umeer cmbicd,

TO
A+ B=B+ A

OnpepneniM, HaKOHell, YMHOXeHHe MaTpHLUbl HAa YMC.O.

Onpeneanedue. IIpoussedenuem marpuybt A Ha 4ucao k
Ha3vieaerca marpuya kA, ssemenTo. KOTOPOU pasHel COOT8ETCT-
BYOUWUM INeMEHTAM MATPUYbL A, YMHONCEHHbIM HA 4UCAO K:

A ( an G, ala) _ (kau kay, kals)
Qg1 Qgp Aoy \kayy kay, kas)
Jlerko nokasartb, uTO
(kRA)B = A(kB) = k(AB)
H 4TO

k(IA) = (kl)A,

rne k v | —uucna, a A u B — matpuubl.



§ 6. Teopema 06 yMHOXEHHH omnpeaenuTeselt

Onpene/nHTeNb, COCTABJAEHHBIH M3 TeX K€ 3JEMEHTOB, YTO
H KBaJpaTHas MaTpHUa (M PacClOJIOXKEHHbIX B TOM XK€ MOpSIKe),
Ha3blBaeTcsl onpedesuresem 3TOH MaTPUUBL

Onpenenutenb MaTpuubl A Mbl GylieM 0Go3HauaTb cuMBoJIOM | A |.

Teopewma. Onpedeaurers npoussedenus dsyx marpuy pa-
sern npou3sederuto onpedeasurenell ITUX MaTpuy.

JlokaxeM 3Ty TeopeMy MJsi MaTpHU BTOPOro MopsiiKa.

[Tyctb
A= <au a12> u B— (bu blz>.
Qo1 Qoo ba1 by,
Torna
AB — ( anby + G19ba1r Q1101 + anbzz)
Ag1b1y + Agob21 Q91015 + agobsy /)
Boiuncinm nponssenenne onpenenureneit |A| u | Bl
A1y Qg9
= = Qy189p — ,
|A| Oy Qg 11825 — Q12Qqy
b1y by,
|B| = by b = bnbzz—blzbzl;
21 22

[ Al-| B| = (21185 — 01221) (b11b20 — b13b31) = 11055011050 —
— Q3951011090 — 011825015051 + 12851012001
Tenepb BblyHCAHM onpefenuTenb | AB|:

|AB| A11bis + Qiobar  G11b1g + G1obs, _

Apb1y + Assbay  Gs1bys + Agsbae
=(a11611+a12021) (A310124A35020) — (@11012+a12D35) (@21011+a22b01) =
= 11611851015 + Q12021021015 + Q11011892020 + Q12021055000 —

— Q11019891011 — Q19009091011 — B11019055021 — B15020030001 =
=a110110950 95 — Q12821011052 — Q11012095021 + Q12021021015

Orciona caenyet, uro |AB|=|A|-|B|.
B cnyuae kBagpaTHbIX MaTpHU TpeTbero mnopsika Teopema
06 YMHOX€eHHH onpene.nu'renei& JIOKa3biBaeTcss aHaJIOTHYHO.

§ 7. OGpaTHas MaTpuua

KBanpatHas wmaTpuua Ha3sbIBaeTcsi B8bLpONOEHHOU, ecl ee
onpeje/iuTe/ib paBeH Hy.qi0. Ec/iH ke onpenenuTes]b MaTpILbl He
paBeH HyJ/0, TO MaTpula Ha3blBaeTcs Hegvipoxcoennol. Coorser-
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CTBEHHO CBOMM MaTpHlUaM Has3bIBalOTCHA H JHHEiHble npeo6pa3so-
BaHHA.
M3 § 6 caepyer, uTO npoM3BeJeHHe MaTPHL, XOTA ObHl OnHa
2 y3 KOTOPHIX BBLIPOXKIeHHas, GyNeT BblPOXKAeHHOH MaTpuuei. ITpo-
u3Be[eHHe Ke JIIOObIX HEBBIPDOXKIEHHBIX MaTpHU OYINeT HeBHIPOXK-
LeHHOH MaTpHLueH.
PaccMOTPHM TOXIOECTBeHHOe mnpeoGpa3oBaHHe MPOCTPAHCTBA

x' =x,
y =y (10)
2 =2z,

KOTOpOe BCceé TOYKH NMPOCTPaHCTBA OCTaBjsieT Ha Mecrte. [Ipeobpa-
soBaHHio (10) coorBercTBYET MaTpHla

100
E=[010}
001 '
KOTOpasi Ha3blBaeTcsi e0UHUHHOU.

Jlerko BHIeThb, YTO eAMHHuHas Matpuua E nepecraHoBouHa
¢ mo6oit MaTpHuell 1aHHOrO NopsaKa, T. €.

AE = EA.
Beenem B paccmotpenne ofpaTHylo MaTpuuy A~!, T. e. Takyo,

4TO
A-'A=AA-'=E.
flcHo, 4TO BLIPOXKJEHHas MaTpHlla He HMMeeT ofpaTHoii. B camom
neJie, ecqu MaTpHua A BbipoxJieHHas, To |A| = 0 u, cieqoBaresnbHO
AB=+E
A1 Jo6oit MaTpHusl B, Tak Kak
|A|-|B|=0,a|E|=1.
Ilyctb nana marpuua

an 1y Oy
. A=\ ay a ax

Q31 Q32 Qg3
Marpuua, nonyyeHsas 13 Matpuubl A 3aMeHON cTPOK cronbua-

Mil, Ha3blBaeTCs TPAHCNOHUPOBAHHOU K MmaTphue A; Mbl Oynem
o6o3HauaTth ee A’. Takum o6pa3zowm,

Qy1 Qg1 Qg
A =\ a1, a5 Gy
Qy3 Qo3 Q33
CocraBim MaTtpuuy A*, 3jeMeHTaMH KOTOPOH fBJASIOTCA

ajqre6panyeckile [JOMOJHEHHs K COOTBETCTBYWOLIHM 3J/€eMeHTaM
marpuub A’,

17



All A2l Aal
A* =| Ay, Ay As ),
A13 A23 A33
rae A, ectb anre6panueckoe JOMNOJHEHHe K 3JeMEeHTy aix Omnpe-
JenHTens
Gy Ay an
|A"| = | Q15 @y Q3| (11)
Q13 Qa3 Qg3
CocTtaBJjieHHasi TakuM oGpa3om MaTpuua A* HasbiBaercss npucoe-

OuHnennol (MM B3aUMHOH) MaTpuueir K Matpuue A.
Haiinem npousseneuuss AA* u A*A. Jlerko BuaeTb, uTO

an ayp 43\ [An An As da0o0 100
AA*=| ay Qyy Ayy || A1y Agy Az | =|0d 0] =d|0 1 0|=dE,

Q) A3y Qg / \Ayy Ay As, 00d 00 1,

An An Ag [ an ayp Gy d0o 100
A*A=| Ay, Ay Az || Qa1 g2 @93 | =10d 0)=d|0 1 0]=dE,

Ay Ay Ags/ \ag a3, ag 00d 001

rae d ecTb 3HaueHHe onpenenurteas (11).

JleficTBHTE/NbHO, YMHOXas i-10 CTPOKY MaTpuunl A Ha i-ii
ctosbey MaTpuupl A*, MBl NOJYYHM pasjioKeHHe ONpele/uTe]s
(11) no i-i cTpoKe. YMHOXKas e i-10 CTPOKY Matplubl A* Ha
i-i1 cton6Gen MaTpuubl A, MBI NOJIYUMM pa3J/iOKeHHe omnpelesHTe-
as (11) no i-My cron6buy. Bo Bcex ocTa/nbHbBIX cayuyasx 6yper
noJlyyeHa CyMMa TpOHM3BeleHHil 3/JeMEeHTOB HeKOTOpOoro psaa
onpeneaurenas (11) Ha anareGpaiueckde QONOJHEHHs MapaJJenb-
HOTO psifa, KOTopasi, KaK H3BECTHO, paBHa HYJIIO.

Takum o6pasom, gokasano, yto AA*= A*A = dE.

Tenepp nokaxem, yTo O/ KaXX1OH HEBBIPOXKIAEHHOH MaTpH-
Il cymecTByeT o6paTHas MaTpuua, H Haiigem ee BHL.

ITycte A — HeBbIpOXKOeHHas maTpuua, a A*¥ — maTpuua, npu-
coeaHHeHHast K Matpuue A. Pa3znenus Bce usieHbl NpHCOCAHHEHHOH
maTpuubl A* Ha d, rae d ecTb 3HaueHHe ONpeaeJHTeNss MaTpH-
bl A, MOJYYHM MaTpHUy

A1y An Asi
d d d
1
B=—A* =41z A 45 12
d d d d (12)
Ay Az Ags
d d d

Jlerko mokasatb, uto matpuua (12) sBssieTcss 06paTHOM Mo OTHO-
LIEHHIO K MaTpHlle
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a1 Gy Qi3
A=| ay ay ay
Q31 Q32 Qg
JlefcTBHTEbLHO,

AB:A(-l—A*):—é—(AA*):—Z—(dE):E

BA = (%A*)A = = (A*A) = - (dE) = E.

1 o
Urak, Matpuua B = — A* seasiercs ofpaTHOil K MaTpHue A,

T. €. e€CJIH
Qy; Qg9 Qg3

A= an a5 ay
Q31 Q3p Q33
CCTb HeBbIPOXKIEHHAsi MaTpuua, To 06paTHON K Heil 6ymeT MaT-

puua

A=A,

M3 teopembl 06 yMHOMeHMH OnpejesuTenell cjaelyeT, YTO onpeje-
1 "
autenb Matpuusl A—! pased ——. [leficTBHTeNLHO, TaK Kak

14l
AA-' =,
TO
| Al A== E]|.
Ho |E| =1; cnenosatenso, |A||A~!| =1, oTkyna
1
—1 —

Taxum oGpasom, obpatHas mMatpuua A—! Oyler TakKe HEBbIPOX-
JIEHHOII.

Tak xak A—'A=E, 10 marpuua A O6yjeT nepecTaHOBOYHA C
o6paTHOil MaTpHue#t Al

AHanorHuHO onpefiesisieTcsi H HaXoAuTcs oOpaTHasi MaTpul@ AJs
HEBBIPOXKJEHHOH KBaJlpaTHOH MaTpHILbl BTOpOro mMopsjka.

Mpumep. [lana marpuua (cM. npumep § 2)
121
A=1211
131
Haiitn o6patHyio MatpHuy.



PeweHue 3anuueM TpaHCcnOHHpoBaHHYIO K A maTpuuy A”:

121
A=(213}|
111

HaiigeM npucoenunennyio kK A marpuuy A*:

-2 1 1
A*=| —1 0 1}
5 —1 —3

BbluncarM 3Hauenne onpenenntens d MaTpHubl A:

121
d=(211|=14+24+6—1—3—4=1.
131
Torpa
—2 1 1
A—l=%A*=1-A*=(—1 0 1).
5 —1 -3

§ 8. IlpumeHenHe MaTpHL, K pELIEHHI0O CHCTEM
JHHEAHBIX ypaBHEHHH

PaccMOTpHM CHCTEMY Tpex JIMHeHHbIX YpaBHeHHH C Tpemsl He-
H3BECTHBIMH )

A1 X1+ AgeX, + AogXy = by, (13)
31X + GgoXp + A3a%g = bs.

Hcnonbsyst yMHOXKeHHe npsIMOYroJibHbIX MaTpHll, cucremy (13) Mox-

HO 3anucaTb B MaTpHuYHOH ¢opme

AX =B,

Q3 Qyp Gy3 Xy b,
A = a21 (122 (123 y X = x2 H B = b2 .
Qg1 A3y Qg X3 by

Ilyctb matpnua A — HesbipoxneHHas. Torna oHa umeeT o6paTHyIO
MaTpHuy A—!. YMHOxas o6Ge uyactH pasectBa AX = B cjeBa Ha
Marpuy A—l, nosyuum

ay3%1 + G19%p + G13x5 = by, ’

rae

A-1(AX) = A-'B,
OTKYJa
X = A-1B,
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TaK KakK
A-Y(AX) = (A-'A) X = EX = X.

INpoussenesne A—'B ecTb MaTpuua, COCTOALIAst H3 ORHOro CTONIGUA,
3JEMEHTaMH KOTODOrO SIBJISIOTCS HEH3BeCTHblE X;, Xg, X3. 1O, UTO
nosyueHHble 3HAuYeHHsS HEH3BECTHbIX JEHCTBHTE/NbHO SBJSIOTCH pe-
IIeHHEM CHCTEMBI, JIETKO NpoBepHThb, Noactasasis X = A~'B B ypas-
nenne AX = B:

A(A—'B) = (AA—")B = EB = B.
. TNpumep 1. Pewutb cucTeMy ypaBHeHH#
x+2y— z= 8§,
2x— y+ z=-3, }
x4+ y—22= 11.
PemeHnune. 3anuieM JaHHYIO CHCTEMY YypaBHEHHiH B MaTpHY-

Ho# ¢opme
I 2 —1\/x 8
(2 . )()_(_)
3 1 —-2/\z 11
1 2 —1 x 8
A=(2 —1 l). X=(y) H B=(_3>,
3 1 =2 2 11

Haiinem matpuny A—!:

1 2 —1
2 —1 1
3 1 -2

=2—246—3—1+8=10,
Ap Ay At 13 1

A* = A12 A22 A32 = 7 1 —"3 .
Ay Ay A/ \5 5 —5

1 (18 1
Al == A" =571 -3

55 —5

\

31echb

d=|A| =

Tenepb HaiineMm MaTpuuy X:

. L (13 1N/ 8 8 — 9 411
X=A-18 X="5(71 =8| —3]=15{56 — 3 —33 )=
55 —5/\ 11 40 —15 —55
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10 1
=+ 20])=( 2)
—30 -3

Takum o6pasom, MaTpuua

()

SIBNSIETCS pelLeHHeM CHCTeMbl, OTKYZAa CJefyeT, YTo
x=1 y=2 2z=-3.
Mpumep 2. Pewmth cucTeMy ypaBHeHHH

x—3y+22=— 3,
2x 4 y—3z=—l3,'
3x+2y+ z= 4.
Pewenue. 3anvweM JaHHYIO CHCTeMYy ypaBHeHHH B MaTpHy-
HoH ¢hopme:
1 =3 2\ /x — 3
(6
3 2 1 2 4
HIH
AX =B,
rae
1 =3 2 x" — 3
A=(2 1 —3), X=<y)u B=(—l3).
3 2 1 4 \ - 4
Torna
X = A-'B.
Haiinem MaTpuny A—":
1 -3 2
d=|2 1 —-3|=148+4+27—6+6+6=42,
3 2 1

A* = Ay Ap Ay |={—11 =57
A13 Am Ass l —"‘l] 7

777
_ 1 L 1
A I=TA*=W( 11 57).

1 —117
22



7 77 — 3 — 84 —2

X= A—ua—_47 —11 —57]| —13 =%2 126 | =| 3}
1 —117 4 168 4

Matpuna —2

X=| 3

4

M SIBISIETCS pellleHHEeM CHCTeMbl, OTKyAa CJeayeT, 4TO
x=—2,y=3, z=4.

§ 9. OproroHaabHbie npeoOpa3oBaHHUs

PaccMOTpHM JJisi onpefieleHHOCTH TpexMepHbli cJydail. JIuned-
Hoe npeoGpa3oBaHHe, nepeBofsulee TouKy M(xy, X,, X;) B TOUKY
My(y1, Y, Ys), onpenensiercss dopMyJamu

Y1 = 11Xy + G1pXp + G15Xs
Yo = Ay Xy + GpoXp + ApyXs, (14)
Ys = G31X1 + G30X, + Q33X
M HMeeT MaTpHLy TPeTbero mnopsiika
‘@1 Qyp Gy
A=|an a, ay | (15)
Q31 Q35 Q3
JluHeiiHoe npeo6pa3zoBaHue (14) mpocTpaHCTBa MOXHO paccmar-
pHBaTb Kak JHHeHHOe npeo6pa3oBaHHe BEeKTOPOB B NpocTpalicTBe.
HeficTBHTeNbHO, NMyCcTb JHHeHHOe npeo6pa3oBaHHe MpOCTPAHCTBA
3agaHo ¢opmyaamu (14). Jlerko npoBepHTh, YTO OHO MNEpPeBO-
AHT GOPMY C MOCTOSAHHBIMH KO3bdHuueHramu A; (i =1, 2, 3, 4)
Arxy + Agxy + Asxs + A,
Ha3bIBaeMy1o aurelinol opmot, B nuHeliHyo Gopmy
Biyr + Bayz + Bays + Ay,

a 3TO 3HA4MT, uTo npeo6pasoBaHue (l4) NJIOCKOCTL NEPeBOANT
B MJIOCKOCTb, MepeceKaioliHecss NJOCKOCTH — B NepeceKalouecs
MJIOCKOCTH, NpsiMble — B NpsiMble.

Tycts Teneps aan sektop MN, rae M (x, x,, x,,) u N (x7, x, x3).
ITo popmynam (14) Touku M u N npeo6pasyloTcs B TOUKH Ml(y,,y,, 2)
H Ni(y}, y;, Y,), KOOPIMHATH KOTOPLIX HAXOAATCH 1O (bopmynam

Y, = anx, + apx; + agx;, Y, = anx| + apxl + X, l
Yo =X, + yx, + Gyx;, Y, = auX| + GpX, T d¥s, ,
Yy = Gux) + QgoX, + g%, Y5 = X, + AxeXy + Gug¥ -
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CaenoBaTesibHO, BEKTOP
MN (x| —x|, x;—x;, x3—x,)

npeo6pa3yercs B BEKTOP
MN {y, =Y\ Y2 — Y2 Ys— Y3},
npuyem
Y, — Yy = ay(x] —x) + aplx, — x3) + ayg(x; — x3),
Yy — Yo = Ay (x] — X)) 4 Gglx; — x3) + ag(x; — x3), (16)
Yy — Yy = Ggy(x — x}) + aglx; — X;) + agg(x; — x3),

T. €. KOOpAHHATHl BEKTOPOB npeobpasyioTcs no TeM ke ¢Gopmy-
aam (14), uTo ¥ KOOpAHHATHl ToYek.

B naapHefimieM MbB 6ymeM pacCMaTpHBaTh TOJBLKO TakKHe
JHHellHble nMpeo6pa3oBaHHs MNPOCTPAHCTBA B ce6si, KOTOPhle CO-
XPaHAT pacCTOSIHHe MeXAy HByMs ToukamH. Takue JHHelHble
npeo6pa3oBaHUsl HA3bIBAIOTCH OPTO20HAAbHbIMU. OPTOroHajAbHHE
npeo6Gpa3oBaHHs COXPAHAIOT H YrJbl MeXAy NPSMBIMH, TaK Kak
nepeBoAsT J1060# TPeyroNbHHK B PaBHLHI eMYy TPeyroJbHHK.

HaiineM Te ycnoBusl, KoTopble TpeGyeTcst HaJIOXKHTb Ha 3Je-
MeHTHl MaTpuubl (15), uToGel JHHelHOoe npeoGpa3oBaHHe OBLIO
OpPTOrOHA/JIbHBIM.

[To dopmyaam (16) ennHHYHBle BEKTOPH KOOPAHHATHHIX oOceil
i, j, kB nmepexonsiT COOTBETCTBEHHO B BEKTOPHI

i = ayl + ayJ + agk,

J' = aypl 4 anj + ask, (17)

R = a5l + a3 + axk.
[lIpoBepuM cnpaBefiMBOCTb NpHBele HHBIX GopMy.a. EIMHHUHBIA Bek-
top i umeer KoopauHathl {1, 0, O}. Ilycte Bektop I’ HMeeT Ko-
OpRMHATH {iy, iy, i,}. [Tomb3aysch dopmynamu (16), momyuum:

'

fr=0ay 14 a,-0+a,-0=ay,

y=0y 1+ ay-040ay-0=ay,

’

lz=a3 1408y 0+4 a5 -0 =ay.

Takum o6pasoM, Bektop i { 1, 0, 0 } nepexoaut B BekTop &’ {ayy, Gyy, Ay, ).
AHanoruyHo MOXHO 10Ka3ath, 4to Bektop J{0O, 1, 0} mnepexoaur
B BeKTOp J' { @yp, @sp, @3, ) W BexkTOp R {0, O, 1} mepexoAuT B Bek-
TOp R’ { a5, Qas, Q).

Tak kak MBI paccMaTpiiBaeM OpTOroHasbHoe npeobpa3oBaHile,
TO BeKTOpnl &, j' W B’ 10.1KHbl GBITb eJHHHUHBIMH 1I MOMapHO
OPTOroHa.1bHbBIMH. DTil TpeGOBaHHS HanaraloT Ha 3JeMeHThl MaT-
pHUbl WIeCTb YCJI0BHIT:
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U =aj, +aj +aj =1,

JJ =aj, "I" az, +az, =1,

k'R =a; +aj,+aj, =1, !
U'J' = 011045 + A0y + G510, = 0,
UR' = aya13 + 851095 + a3,033, = 0,
JR = 0150,3 + p055 4 35033 = 0.

(18)

CoBokynHocTh paBeHcTB (18) 3anuwem B BHAe ONHOrG Mar-
pIIUHOrO paBeHCTBA

/01y Qg1 Q31 [Gy Gy Gyg 100
Qyp Ay Agp || Gy g A3 | =|0 1 0} (19)
Q13 Q3 Qg3/ \Qgy A3y 33 001

MoxXHo nokasaTtb 1 006paTHO€, a UMEHHO: ec.1H YJOBJETBOpSeTCS
pasenctBo (19), To auHeiliHoe npeo6pasoBanne (14) Gyner opto-
rOHaJbHBIM.

Hrak, nas toro uto6bl nHHelHOe npeo6pa3oBanue (14) 6blio
OPTOTOHAJbHBIM, HEOOXOAHMO M JOCTATOUYHO, YTOGHl BHIMOJHAIOCH
paBeHcTBO (19).

Ycaosre (19) MOXHo 3anucaTh B BHIE

A’A = E, (20)

rie A’ — maTtpuua, TpaHcnoHuposaHHas K matpHue A. U3 pa-
BeHcTBa (20) canenyer, uTo

A=A, - (21)
rae A—! — maTpuua, obpatHast Marpuue A.

Martpuna, yaosneTsopsiomas ycaosuo (21), HasbiBaercs opmo-
2oHanvHoli. VIHBIMH c/l0BaMH, OPTOrOHaJIbHOH MaTpHuedl Ha3biBaeTCs
Takas MaTpuua A, YTO TpaHCIOHMPOBaHHast K Heil Martpuua A’
coBmajaer ¢ obpaTHoit Marpuuedi A—1.

~ Takum o6pa3oM, B J€KapTOBOil CHCTeMe KOOPAHHAT OPTOro-
Ha1bHOMY npeo6pa3soBaHHI0 COOTBETCTBYET OPTOrOHajlbHas Mar-
pHua, H o6paTHO, OPTOrOHa/NbHas MaTpHuUa OmpejensieT OPTOro-
HaslbHOe npeo6pasoBaHHe.

OprorosanbHoe npeo6pa3oBaHHe MJOCKOCTH B cebGs onpene-
JsieTcsl aHaJaoruuHo. JInst Toro yto6nl npeo6pasoBaHHe MJIOCKOCTH
B ce6si GbLIO OPTOrOHAaJbHBIM, HEO6XOAHMO I AOCTATOYHO, YTOOLI
MaTpHUa 3TOro npeo6pa3oBaHusi Ghlla OPTOrOHAJIbLHOM.

Mpumep 1. ITpoBeputs, utTo Npeo6pasoBanue

x =x'cosa—y’sina,
y = x’sina 4+ y’ cosz
AIBJISIETCS OPTOrOHAJIbHBIM.
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Pemenue.

( cosz sina \ ;cosa —sin a) _
—sino cosa (sin a cosa) —
_ [ cos*z-4sin*a —cosasina +sinacosa‘)_ 1 0)—-E
~ \—sinacosz + cosa - sinz sin?a 4 cos?a’/ —\0 1/ — =

Tak kak ycjosue (20) BHINONHEHO, TO JaHHOe npeoGpa3oBaHHe
SIBJSIETCA OPTOTOHAJBHBIM.
NMpumep 2. IIpoBeputh, yTo NpeobpasoBanHue
2 2

1
yl—Txl_'__:}_xa__sz’i
2 1 2
y2—7x1+Tx2+_3_x3’ }
‘ S SRR T B
3 3 1 3 2 3 ~38 )

AIBJsieTCSl OPTOTOHANbHBIM.
PeweHnne. IlpoBepum BoinojHeHne ycaoBus (20). Haiinem

npou3sseseHie A'A:

1 2 2 1 2 2
33 3|13 37
, 2 1 2 2 1 20 _
Ad=l w5 -3||l7 7 7|~
2 2 1 2 2 1
-3 3 —3| \3 —3 —3
12 2 1 22 900 100
=% 21 _2.%2 1 2 =%090-_-010.
—292 ] 2 —2 ] 009 001

Cnenoaa‘renbﬂo, JaHHOe npeo6pa3OBaHHe fAABJISIeTCA OPTOro-
HaJIbHbIM.

§ 10. CoGcTBeHHblE BEKTOPBI H COOCTBEHHbIE 3HAYEHHSI

Paccmorpum nmHeiiHoe npeoGpa3oBanue (14). BekTopel
X { %y, Xy, X3} H ¥{y1, Yo Ys} OyAeMm 3anucniBaTh B BHJE MATPHIL

X1 Y1
X=|X]|HYy=]|Y]
X3 Ys
Torna ¢opmyas (14) moxHo 3anucath B maTpuuHoi dopme
y = Ax, ' (22)

rae A — marpuua npeobpasoBanus (14).
Ecan nannoe nuneiiHoe mpeoGpasoBaHne NepeBOAHT HeKOTO-
pBIH HCHY.IeBOH BEKTOp @ B mapaJjJesbHHH BeKTOp A @, TO Bek-
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TOp @ Ha3blBaeTCs COOCTBEHHbIM BEKTOPOM 3TOTO JHHEHHOro
npeo6pa3oBaHUsl, & HYHCIO A — COOCTEEHHbIM 3HAYEHUeM 3TOro

npeo6pasoBaHHsl.
YTto6bl BeKTOp X Obl1 COGCTBEHHBIM BEKTOPOM JIHHEHHOro

npeo6pa3opatus (14), NOMIKHO BBHINONHATHLCS YCJOBHE
y=2Ax, T.e. Ax =\ux,

KOTOpOe B pPa3BepHYTOM BHJe 3aMHILETCs TakK:
Ay Xy + QpaXp + QaXy = KXy,
Qg1 X1 + goXy + AagXy = 1 Xy,
A%y + AgpXy + AgaXy = KXy
HJH
(a1 — 1)xy + @aXp + @15%5 = 0, I
g1 %) + (Gpg — K) Xy + Qg% = 0, ’ (23)
A3 %) + ApXy 1+ (@33 —A) X3 = 0
Heo6X0AHMbIM H JOCTATOYHLIM YCJOBHEM TOro, uTO mnpeoGpaso-
BaHue (14) OyneT HMeTb cOGCTBEHHBIH BEKTOD, SIBJISIETCS PABEHCT-
BO HYJIO onpejesuTensi ONHOPOAHOH cHcTeMbl (23), T. e.

@Gy —A  ayp a3
ap Qpp—h Qg =0. (24)
as Qo Q33— A

YpaBHeHHe (24) Ha3blBaeTCss XApPAKTePUCTUHECKUM YpasHe-
Huem MaTpuubl A, a KOPHH €ro — XapaKkTepucTU4eCKUMU KOPHAMU
matpuubl A (Hau cob6cTeeHHbimu 3Ha4erusmu matpnubl A). Be-
lecTBeHHble CcOOGCTBeHHble 3HaueHHss MaTpHuel A W siBAsAOTCA
COGCTBEHHBLIMH 3HAUEHUSIMH JAHHOTO JIHHEHHOTo npeo6pa3oBaHHs.

Haiins u3 ypapheHus (24) kakoe-HHGyab cOGCTBEHHOe 3Ha-
YyeHHe A JAHHOro JHHeHHOro mpeo6GpasoBaHus (14), Mbl MOXeM
3aTeM HaHTH COOTBETCTBYIOLIHH €My cCOOCTBEHHbI BEKTOp, pellHB
cucremy (23).

Jdas  jnuHellHOoro npeo6pa3oBaHHs IJIOCKOCTH cOGCTBEHHbIE
BEKTOpbl H CcOOGCTBeHHble 3HAYEHHs ONpelessioTCs aHaJOrHUHO.

Tipumep 1. Haiitu coOcTBeHHble BEKTOpPHI JIHHEHHOro npeo6-
pasoBaHus ¢ MaTpuuei

7—2 0
A=—2 6 —2
0—2 5
Pewenune CocraBUM XapakTepucTHUeCKOe ypaBHeHHe MaT-
puubl A
7—x =2 0
—2 6—)x -2 =0.
0 —2 5—X
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HIH
A3 —18A24+-99A—162=0.

ITon6opoM HaxoauM, 4TO A; = 3 ABJASAeTCH KOPHEM 3TOro ypaBHe-
uus. Toraa
23— 18A%4 99A — 162 = (A — 3) (A2— 151 + 54) = 0.
Pewas kBagpaTHOe ypaBHeHHe
A?— 154 + 54 = 0,

HaxoIMM ellle 1Ba KOPHA: A= 6 H Az3= 9.

HaiineM co6cTBeHHBII BeKTOpP, COOTBETCTBYIOUIHH COGCTBEH-
HOMY 3HauenHio A=3. IloacraBasigs A;=3 B cucremy (23), no-
JY4YHM

—2x1 + (6 —_ 3)XZ _ 2X3 = 0,

(7—3)x1—2x2+0'xs=0,
O'x1—2XQ+(5—3)X3=0 ;

HJTH
4x, —2x, =0,
—2x, + 3x, — 2x3 =0, ] (25)
—2x, + 2x3, = 0.

M3 nepsoro # TpeTbero ypaBHeHHi cHcTeMbl (25) caemyer, uTO
X9 = 2X|, X9 = Xs.
[Tonaras x;= k, rae £ — npou3BoJbHOE YKCJO, OTJIHYHOE OT HYJS,
NONYyYHM
x1=k, xo= 2k, x3= 2k.

Takum o6pa3oM, COGCTBEHHOMY 3HauyeHHI0 A= 3 COOTBETCTBYeT
CcOOCTBEHHBI BEKTOP

X, |k, 2k, 2k).

AHanoruuHo Ha#zgeM, yTo COGCTBEHHHIMH BEKTOPAMH, COOT-
BETCTBYIOLHMH COOCTBEHHBIM 3HauyeHHSIM Ag= 6 u As= 9, 6ynyr
BEKTOPBI

x0, | 2k, k, —2k)

X, | —2k, 2, —k).

M3 paccmaTpuBaeMoro npuMepa BHAHO, YTO COOCTBeHHBbI
BEKTOp JIHHEHHOro nmpeo6pa3oBaHusl OnpejessieTcss He ONHO3HAY-

HO, @ C TOYHOCTBIO N0 Ko3pdHuHeHTa & (KOo3dduuHeHTa pacrs-
KeHuq).
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[Tonaras B npuBeleHHOM npuMepe k = 1, mony4yuM coGCcTBeH-
Hble BEKTOPbI

x;,{ 1, 2, 2}, xx,{2, 1, —2} H xx,,{—-2, 2, —1 }

3ajgaya 0 HaxoXIeHHH COOCTBEHHHIX BeKTOPOB JIHHEHHOro
npeo6Gpa3oBaHHUs MJIOCKOCTH pelllaeTcsi aHaJOTHYHO.
Mpumep 2. Haiitu coGeTBeHHble 3HaYeHUsT H COGCTBEHHbIe BeK-

TOpbl MaTpHIBI
-(21)
=59/

Pemenue CocraBuMm xapaKkTepHcTHUecKoe YpaBHeHlHe MaT-
plLbl X HalileM ero KOpHH:

‘3—)\ 4

5 2_x‘=0
ILTH
A= 51— 14 = 0.

KopHu Aj=7 H Ag= —2 3TOro ypaBHeHHs SABJISIOTCH COGCT-
BeHHBIMH 3HaUeHHSIMH MaTpHubl A.

Hafinem co6GcTBeHHBbIH BeKTOp MaTpuul A, COOTBETCTBYIOLIHIH
COGCTBEHHOMY 3HaueHHIO Aj= 7, pelliasi CHCTeMY ypaBHeHHH

(@1 — 1) %y + ayex, =0, }

26
A%y + (e —Nx, = 0 (29)

npu A =7.
[MoacraBnss 3HaueHne A =7 B (26), NOAyYHUM JJs NaHHOH

MaTpHLUbl CHCTEMY
—4x, + 4x, =0,
5x1 —_ 5x2 = O,
OTKyZa cJellyeT, 4YTO X, = X,. Ilomarasg x, =1, HaxoguM co6cT-
BeHHb#l BekTOp ayf 1,1}.
AHanoruyHo HafifieM, 4TO coGCTBEHHOMY 3HaUeHHIO h, = —2 COOT-
BETCTBYET COOCTBEHHBIH BekTOp @), {4, —5]}.

§ 11. JluHeiiHbie npeoOpa3oBaHus
C CHMMETPHYECKHMH MaTpHLAMH

Cummerpuqeckoli marpuyell Ha3biBaeTcs Takas MaTpHUa, KO-
TOpas coBmajaeTr co cBoel TpaHcnoHupoBaHHOH. [lo3ToMmy, ecau
A — cumMeTpHYecKass MaTpHua, TO

A = A’ uan ai, = api.

HokaxeM, yTo Bce COGCTBEHHBle 3HaueHHsT CHMMeTpPHUecKoil
MaTPHUBl BTOPOro MOPSAAKa SBASIOTCA [1eHCTBHTEJbHBIMH YHC-
Jamu.
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nyCTb JaHa CHMMeTpHuCCKag MaTpHUa BTOpPOro nopsika

ay; Gye
oo (o)
Q2 Qg
COCTaBHM €€ XapaKTepHCTHYECKOE ypaBHeHHe

ay—* G

=0

Qs g — M
1
. . .
K —(ay; + @g0) h + @118 —a}, = 0.

[TokaxeM, 4TO AHCKPHMHHAHT D 3TOro KBaJpaTHOro ypaBHEHHS
He MoOXeT GbiTb OTpHLaTeNbHbIM. [leiicTBHTENbHO,

D = (ay; + 05)* — 4 (ay@p2 — a7.) == (21, — ap)* + 4a],. (27)

Tak kak cymMMa ABYX HeOTPHLATENbLHbIX YHCeN He MOXeT ObiTh
OTplILATeNbHbIM YHCJIOM, TO XapaKTepHCTHYECKOe ypaBHeHlle MaT-
pHUbl A HMeeT TOJbKO JefCTBUTENbHbBE KOPHH.

JIuHeiiHoe npeobpa3oBaHHe C cHMMeTpPHYECKOH MaTpHueH Ha-
3bIBAETCH CUMMETPUYECKUM AUHelHbim npeobpa3osdanuem. CHM-
MeTpHUYeCcKOe JIHHeiiHOe npeo6Gpa3oBaHHe MJOCKOCTH HMeeT napy
COGCTBEeHHBLIX BEKTOPOB, KOTOpble NepreHiHKyasipHbl APYyr K ApY-
ry. HanpaBieHiiss 3THX BEKTOPOB Ha3biBAIOTCS 24a8HbIMU.

KoopanuaTtbl co6CTBEHHOrO BEKTOPA, COOTBETCTBYIOLICTO OG-
CTBEHHOMY 3HAUYeHHIO A MaTpHUbl A, YAOBJETBOPSAIOT clicTeMe

(@1 — 1) X1+ aypx, = 0, |

' - (29

AyoXy + (@ — N x, =0, |

rie Xx; M Xo — KOOpPAHHAThl CcOGCTBEHHOro BeKTOpa MaTplubl A.
[Tpencrasum cuicremy (28) caenywoinm o6pasom:

hXy = ayXy + Q1aX,, }
A Xy = QyoXy + QgoX,.
[lyctb Ay = 4y, @y, I}, my} u @y, {1y, m,} — cob6CcTBeHHbIE BEKTO-
pbl, COOTBETCTBYIOLIHE COOCTBEHHBIM 3HAYEHHSIM My H A,.
Torpa u3 cucremsl (29) cneayioT paBeHCTBa
Ml =anl + apmy, }
hymy = ayly + agom,.

(29)

(30)
Ymuoxas nepBoe u3 paBeHcTB (30) Ha I, a BTOpoe — Ha mp
H CKJalbiBasi, NOJYYHM

ry (g + mymy) = aylyly + a5 (ymy + lomy) + agemym,. (31)
MeHss ponssMH @), ¥ @),, COBEPLIEHHO AHAJOTHYHO HAXOLHM

hy (loly + mymy) = ayylaly + ayy (lymy + Lymy) + agmamy. (32)
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BoiunTas u3 paBeHctBa (31) paBenctBo (32), OyazeM uMeTb
(A —22) (Il + mymy) = 0.
Tak kak » —r, %0, TO
L+ mymy= 0,

a 3TO M O3HAyaeT, YTO BEeKTOpHl @y, { Iy, m,} H a,{ L, m,} B3aum-
HO TepNeHHKYsPHBL.

Ilyctb Tenepb Aj= Ag. Torna AHCKpHMHHAHT (27) paBeH HY-
JII0, OTKYyJa cjeiyeT, 4TO
a) = axn n a;p=0.

Martpiua npeo6pasoBaHus B 3TOM CJyuae NpUMeT BHJ

a 0
4 =<0 azz)’

a npeo6pa3oBaHHe 3aNHlleTCs TaK:

=a lx y
Y1 11X1 } (33)
Ya = Qg9Xo.
B Takom cayuae
= fu -|2— a2 _ an -f2- an _ a5
i, cJaeaoBaTe’ibHO,
=1rx ,
Y “ } (34)
Yo =~ X,.

[TpeoGpasoBaHue (34) siBasieTcs npeobpa3osanuem nodobus. Tlpu
TakoM npeo6pa3oBaHHH J106OH BEKTOP OKaxeTcs cOOCTBEHHBIM
BEKTOPOM ¢ cOOCTBeHHbIM 3HaueHHeM A, 3HauuT, A106as napa He-
Hy/JeBblX B3aHMHO MNepneHAHKYJSPHLIX BeKTOpPOB OylaeT mnapoi
COO6CTBEHHBIX B3aHMHO NepreHIHKY/NSPHBIX BEKTOPOB.

Bce co6cTBenHble 3HayeHliss MaTPHIl CHMMETPHYECKOrO JH-
HeHHOro npeo6pa3oBaHHsi MPOCTPAHCTBA TaKXKe AEHCTBHTEbHbIE
ydcaa. MoXHO 10Ka3aTb, 4TO CHIMMeTpHuecKie JIHHeliHble npeol-
pa3oBaHus NPOCTPAHCTBA HMEKOT TPH MOMAapHO NepreHAHKYIAp-
HbIX CcOOCTBEHHBIX BEKTOpa, HanmpaBJjleHHs KOTOPbIX Ha3bIBalOTCH
rnaBHbIMH. Ha pokasartesnbcTBe MOC/eHHX YTBepIXKIEHHH Mbl He
OCTaHaBJ/IHBaeMcH.

§ 12. IpuBenenne K AHArOHaJbHOMY BHAY MaTPHLUbI
CHMMETPHYECKOro JIHHeHHOro npeo6pa3oBaHHs B NPOCTPAHCTBe

Ilycte B HekoTOpoil cHcTeme xoopauHaT Ox XsX3 CHMMETpPH-
ueckKoe siHHeHHoe npeoGpa3oBaHHe B MPOCTPAHCTBE Onpejesiercs
dopmynamu
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Y1 = @y Xy + QyoXp + Ay3%3,

Yo = Qg1 X; + GpXp + ApsXs, (35)

Y3 = @31 %) + QgoXy + AgaX3.
ITpeoGpasoBanue (35) mepeBoaUT TOuKy M (x;, Xz, X3) B TOUKY
M’ (y\, Y2, y3). Ecan Tenepb nepeiiTH K HOBOII cHCTeMe KOOPJAHMHAT
B NPOCTPaHCTBE, TO KOOpAHHATHI Touek M u M’ uamenarcs, a Ju-
HeilHoe TIpeoGpa3oBaHue GyleT onpenessTbcss HOBOH MaTpHiel.

Hafinem BHA MaTpuubl CcHMMeTpHYeCKOro npeoGpa3oBaHHus,
ecJl HOBasl CHCTeMa KOOPAHMHAT BbIOpaHa Tak, YTO HampaBJeHHs
HOBBIX Ocell IBJIAIOTCS TJ1aBHBIMH.

OG6Go3HayMM elMHHYHble BEKTOpHl IJIaBHbIX Hanpasienuit I, J', k'
ITpumeM 3TH BEKTOpPHl 3a KOOpAMHATHBle OPTHl HOBOH CHCTEMBbI KOOp-
avHat Ox|x,x, W HaiileM MaTpHLy AaHHOrO npeoGpasoBaHHsi B 3TOH
CHCTeMe.

ITycTe HckoMoOe sHHeliHOe npeo6pa3oBaHue Gyaer

Y, =a, x,+a,x +a),x,
Yo =0y, X, + @y X, + 055 Xy, (36)
y.:; = a;1 x; + a;,_, x"z + a:'x:s x;'
Taxk kak
U{x =1 x,=0 x,=0},
Jix; =0 x;=1, x; =0},
kR {x, =0 x,=0 x,=1},
a npeoGpa3oBanHe TepeBomuT I B A, I’ ¢ KOOpAHHATaMH
ME{y, =% y,=0, y, =0},
To H3 (36) caenyer
N=a,, -14a,-0+a],-0,
0=a;1'l+a;2'0+a;3'0’ (37)
0=a;, -1+a;,-0+4a;, 0.
N3 (37) naxomum:
a,=»%N, a,, =0, a,=0.
AHa/lOrH4HO MOMYYHM:
a:2 =0, a;a = Ay, a.;2 =0,
a,; =0, a,,=0, a,=1.
Takum o6pasom, maTpuua Hckomoro npeo6pa3oBanus (36) Gyner
A0 0
A=|0 » 0 |
0 0 )
MarTtpuua takoro Buna HasbiBaeTcs OuU@20HaAbHOU.
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JlauHoe JHHeHoe npeo6GpasoBaHHe B HOBOH CHCTEeMe KOODHH-
maT onpenenuTcs GopMynaMu

Yy =Mxi,
Y, =l Xy, (38)
Yy =g Xy

[Ipeo6pa3oBaHre (38) o3HayaeT pacTsKeHHe 10 TPeM MNONApHO
nepreHHKyJ/sPHBIM HanpaBJieHHs M ¢ KO3 UUHEHTAMHU A, Az, Ag
COOTBETCTBEHHO, THe Aj, A, A3 — COGCTBeHHBle 3HaueHHsi. AHaJso-
rHYHO MOXKHO INOKa3aTh, YTO MaTPHIlAa CHMMETPHUECKOro JHHeH-
Horo mnpeo6pa3oBaHHs TNJOCKOCTH, OTHECEHHOM K TJaBHBIM Ha-
npaB/eHHAM, HMeeT JHarOHa/lbHbIi BUL:

Y, =MX, }
’ ’
Y, = Ao x,.

§ 13. NpuBenenne KBagpaTHuHOH GOpMH
K KaHOHHYECKOMY BHIY

KBanpaTtHyHoit GopMoOil OT Tpex NepeMeHHBIX Xj, X2, X3 Ha3bl-
BaeTcss OJHOPOAHHIH MHOTOY/EeH BTOPOH CTENeHH OTHOCHTENbHO
3THX MepeMeHHbIX: '

F = ayx} + Qox] + Agy%; 4 201X, %, + 2059%,%5 + 2p3%5%5, (39)
rae aix (i, k =1, 2, 3) — uncnoBble Ko3pPHUHEHTHI.

Marpuueit Tako#i ¢opMBl Ha3biBaeTcsl CHMMeTpHuecKas Mar-
pHua

Q51 Qg2 Qg5
A=\ 0y Ay 0 | (@, =a,),. (40)
a3, Q3p Qgg
rie ai; — Ko3ddHuHeHTH KBagpaTHuyHoi ¢opmbl (39). '
Bynem paccmartpuBaTh Xj, X2, X3 KaK 1eKapPTOBH KOOpAMHATH
B cHcreMe Oxxax;. [lepenuiiem (39) B BHae )
F = x(anx) + ajoxs + ay3x;3) +.
+ x2(a21X) + Qgoxs + Qgsxs) +
+ x3(a31X) + asexs + assxs). - (39"
M3 (39') nerko mouath, Kak cocTaBaseTcs Marpuua (40) Ksan-
patHuno#t popmnl F.

Bumecre ¢ xBampaTtHuHoi ¢opmoit F paccMOTpHM CHMMeTpH-

yecKoe JIHHeHOe Npeo6pasoBaHHe
X, = GpX; + Qye¥,; + Q4%

+ X3 = 051X + QgaXy + GppXs (41)
Xy = Qg,X; + QgpXp + Q33X3-
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Torna xBaapaTHuyHylO (GOpMy MOMKHO pacCMaTpuURAaTb Kak CKasspHoe
Npou3BeieHHe BEKTOpa X Ha BEKTOp X':
F = xyx) + %%, + x50,

rae {xy, X3 X3} — KOODJMHATEl BEKTOpa X, a {x}, x,, x;} —Ko-
OpJMHATHl BEKTOpa X', KOTOpHI CTAaBUTCS B COOTBETCTBHE BeKTopy x
npeo0pa3oBaHHeM (41)

B HoBoOil cHcTeMe BEKTOPH X H X' GYAyT UMeTh HOBblE KOODAH-
Hatbl, a NpeoGpa3oBanue (41) Gymer OnpeNieIATLCS HOBO#H Mmarpuuei.

BriGepeM HOBY1O CHCTeMY KOOpAHHAT Ox,%,X; TaKk, uTOOBI Ha-
TpaBJieHHs] HOBBIX OCe#l COBNajaju C rJaBHbIMH HanpaB/leHHSMH Mart-
puusl A. Takoe npeoGpasoBaHne npocTpaHcTBa GyAeT OpTOroHasb-
HBIM M, CJIEOBaTeJbHO, COXPAHHT BeNHYHHY CKajsipHOro IpOH3Be-
JleHus.

ITyctb B HOBOH CHCTeMe KOODIMHAT BEKTOp X HMeeT KOODAHHa-
TH { %, X X5}, a BEKTOp X’ — KOOpAHHATH | X, X,, x, ). Batom
c/lyyae MaTpuia JiHHeHHOro mnpeoGpa3oBanusi (41) Oyxer umeTb BHJ

00
A=|0 %0 |
0 0 A
rae My, Ay, A3 — coGeTBennble yncaa Matpuibl A. Crenosatesbuo,
X, = )‘1_{17
‘ x; == ‘Agxz,
X, = lgXg.
Ho Torna
F=x X" =x0x3+ X195+ X3h5 3
HITH

F=\x;+)lx, +hyxi.
IMoayueHHblHt BHA KBaapaTH4yHOH (opMbl F Ha3hIBaeTCss KAHOHU-
yeckum. Uncaa Ay, Ay, A3 Ha3bIBAIOTCH XAPAKTEPUCTUHECKUMU HUC-
aamu gaHHoi KBaapatnuHoil ¢opmsel (39). HanpaBiaeHus co6et-
BEHHBIX BEKTOPOB MaTpHUbl A Ha3bIBAIOTCS 2AQB8HbIMU HaAnpasie-
HuaAmu KBaapaTHYHOM HOPMBI.

TakuM o6pa3oM, KBajpaTHyHasi ¢OpMa NPHHHMAaeT KaHOHH-
YeCKHi1 BHJ, €C/JIH HanpasJieHHs HOBBIX Oceil KOODAHMHAT cOBMa-
IaloT ¢ TJaBHBIMH HanpaB/ieHHSIMH KBaapaTHYHOH (GOPMBHIL.

AHanornyHo KBaapaTHYHas (GopMa ABYX mepeMeHHbIX

F = ayx] + a50%; + 2ay,x,x,
onpenesisieTcss CHMMeTPHYECKOH MaTpHleH
: 5 Gy
a=(2
gy gy
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Y MPUBOJAHTCA K KAHOHHYECKOMY BHLY
F =12 1,47
MNMpumep 1. [IpuBecTH K KAaHOHHYECKOMY BHAY KBaJpPaTHYHYIO
dopmy )
F =17x% 4 6x; + 5x; — 4x,x, — 4x,x3.
PeweHue 3anuuwem MaTpuuy A kBaapaTHYHOH (GopMHl
7—2 0
A=| —2 6 =2
0—2 5

CoCTaBMM XapaKTepHCTHYECKOe ypaBHeHHe MaTpHubl A

7—\ —2 0
—2 6—»xr —2 =0 umm 23— 1802 4 99% — 162 = 0.
0 —2 5—1

Pewiass ero, HaiiieM XapaKTepHCTHYECKHe YHcJa HaHHOM KBaf-
paTHuHOi GOpPMBI: A} =3, A =6, A3 = 9.

CnenoBaTesbHO, JaHHas KBajpaTHuHas (opMa npHBOAHTCA
K KaHOHHYECKOMY BHIY

F = 3x? 4 6x2 + 9x2.
INpumep 2. [IpuBecTH K KaHOHHYECKOMY BHAY KBaApaTHYHYIO
dopmy
F = 5x2 + 8xy + 5y2.

PeweHue Marpuueit 3Tolf KBaapaTHuHOi GOPMH ABJIAETCS
A 54
~\45/)
Haiinem ee co6cTBeHHble 3HaueHHus, M/IS Yero cOCTaBHM XapakKTe-

PHcTHYecKoOe YpaBHeHHe

5—1 4
4 51 =0 n.ﬂu)\”——lOk+9=0,‘

OTKyla HaxoguM A; = 1, Aa = 9.
KBanparuunas ¢opma F = 5x2 + 8xy + 5y? npuBONHMTCS K Ka-
HOHHYECKOMY BHAY
F = x4 9y}.
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§ 14. NpuBenenre K KaHOHHYECKOMY BHAY
ypaBHeHH#i JHHHI BTOPOro nopsinka

[Tyctb Tpe6yeTcs OnpefeNuTb, KaKasi JHHHA 3ajaeTcs ypas-
HeHHeM BTOPOTro MopsijaKa

anx? + any? + 2a12xy + aisx + agsy + as = 0. (42)

Kaxk u3BecTHO M3 aHAJHUTHYeCKO# reoMeTpHH, 3Ta 3ajaya peliaer-
ca npeo6pa3oBaHHeM KOOPAHMHAT TOYeK KPHBOH C MOMOLLBIO MO-
BOpoTa Oceil M MOCJeAyIOLIero napaJjijieJbHOro fnepeHoca HOBOH
CHUCTeMbl KOODAHHAT. ¥ 1auHBIl BHIGOP yrja noBopoTa ocefl KOop-
JIHMHAT JlaeT BO3MOXKHOCTb YHHUTOXXHTb B YDaBHEHHH KPHBOH uJjieH
C mpou3BejeHHeM TeKYIIHX KOOpPAHHAT. Ta 4yacTb pabGoThl ABJA-
eTcsl Han6oJiee TPYJOeMKOH M 3HAYHTeJbHO ynpoulaeTcs C MpPH-
MeHeHHeM MaTpHL.

I1pu noBopore oceil KOOpAHHAT Ha YrosJ a BOKPYT Hemop-
BHXKHOro HayaJjla CTapble KOOPAMHATHl X, Yy MPOH3BOJIbHOH TOY-
KH BBIpaXKaloTCsi yepe3 ee HOBble KoopauHaThl x’, y’ no ¢op-
MyJ1aM

x =x’'cosa—y’sina,
y = x'sina 4 y’ cosa.

Ynpowas ypaBHeHHe KpuBoil (42) mo s3TuM dopmynaam, npu-
JeTcs npojesaTb FPOMO3AKYI paGoTy Mo onpeleseHHIO TaKoro
yrjia mnoBopoTa a, 4ToObl B Npeo6pa3oBaHHOM YpaBHEHHH OTCYT-
CTBOBaJ/l uJjieH, cojepxKaluuii npousBeneHue x'y’. IlpuMeHeHue
MaTpHLl OaeT BO3MOXHOCTb pellUTb MOCTaBJIEHHYIO 3ajauy, He
onpenesisi yria noBopora a.

PaccMoTpuM KBagpatuuHyio ¢GopMy

F = a;1x? + agy? + 2a;sxy,

COOTBETCTBYIOIYI0 KPHBOil BTOPOro mopsiika. dTa KBaJpaTHuHas

¢dbopma HMeeT MaTpuLy
au 4y,
A (o9
Q2 Qg

IlepeiigeM K HOBOH cHCTeMe KOOpAHHAT, HalnpaBHB HOBble OCH
KOOpAHHAT MO IJIaBHBIM HanpasJjeHHsM. Torma KBaapaTHuHas
dbopma npHMeT KaHOHUYECKHH BHJ

F=Nxi+ Ny,

rie Ay ¥ Ay — cOGCTBeHHble 3HaueHHs MaTpuusl A, a ypaBHe-
HHe (42) npeo6Gpasyercsi B ypaBHeHHe

)‘le + l2yf + a,laxl + a'zayl + ag; = 0.

HanbHeliee ynpouieHHe ypaBHeHHsl JOCTHIaeTCs MapaJeNbHbIM
nepeHocoM.
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Npumep 1. Onpenenntb, Kakas KPHBAas 3ajaeTcs YypaBHe-
HHEM

32x2 + 52xy — 7y? + 180 = 0.

Pemenne. IlpuBegem K KaHOHHYeCKOMY BHJY KBajpaTHu-
Hyio gopmy
y F = 3242 + 52xy — Ty2
Martpuua 3ToH KBaapatHuHoi popMel 6yner

A 32 26)
—\2 — 7/.
[1aiigeM co6CTBeHHble 3HAYeHHs MaTpHUBl A, /1 Yero cOCTaBUM
XxapaKTepHCTHYeCKOe ypaBHeHHe

32—) 26 0 72 — 9251 —900 = 0
26 _7 . )\ = HJIH L® — A — =,
oTKyaa A; = 45 u Ap = —20. 3anueM KaHOHHYECKHIl BHJ KBai-

paTHYHOI HOPMBI
F = 45x7 — 20y3.
B HOBO# cHCTeMe KOOpPAMHAT ypaBHeHHe KPUBOH 6yner
45x2 —20y? 4+ 180=0
Iu

Kak BuauM, jaHHOe ypaBHeHHe onpefensieT runep6oay.

INpumep 2. IlpuBecTH K KaHOHHYECKOMY BHAY YypaBHeHHE
KpPHBOH

5x2 — 6xy + 5y2 — 32 =0.

Pewenue. HalineM xapakrepucTHyecKue yucja KBaapaTHy-
HOH ¢GOpMHI
F =5x2 — 6xy + 542
CocTaBUM XapaKTepHCTHUECKOe ypaBHEHHE
5—1—3 0 wm »* — 10\ + 16 =0
—3 5 = WY 1* — + =0.

Torma A, =2 u Ay = 8 — xapakTepHCcTHYeCKHE YHCJA.
CnepnoBaTe/bHO, JaHHOEe YypaBHeHHe KpPHBOM NPHBOAMTCH K

BHLY

2x? + 8y —32 =0
%2 y:
Tt =1

Hrak, nanHoe ypaBHeHHe omnpejeaseT 3JJHIC C TOJYOCAMY
a=4,b=2,

HJIH
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Mpumep 3. TlpuBecTH K KaHOHHYECKOMY BHIY YypaBHeHHe

JIUHHH
3x2 4+ 10xy + 3y2 — 2x — 14y — 13 =0

H NOCTPOUTH ee.
PeweHue 3anuuwem matpuuy A KBagpaTHYHOH (GOPMBI

F = 3x% + 10xy + 3y2:

35
a=(53)
M3 xapakTepHCTHYECKOTO ypaBHEHHs
3—15
5 33—

HaliieM co6cTBeHHble 3HaueHHs MaTpuubl A A =8, A,=—2.
KBanparuunasi ¢opma F npHMeT KaHOHHYECKHI BUA

—_— 2 2
F = 8x? — 242,
I'naBHble HanpaB/eHHs ee HaleM H3 CHCTEMBbI
(@ —1) %, + ayp%, =0, }
alle + (1122 —_— )\) xz = 0.
[lycrs {1, m;} — COOGCTBeHHbII BEKTOp, COOTBETCTBYIOILHI COG-
CTBEHHOMY 3HaueHHi0 A, = 8. Torzma
—511 + 5m1 = 0, }
5/, —b5m, =0,

oTkypa I} =1, my = 1.
EnMHUYHBIM BEKTOPOM 3TOro TJIaBHOTO HanpasjeHUs Gyner

BEKTOP

Ylive V2_}'
Ipyroe riaBHoe HanpaBjieHHe GyfeT NeprneHAHKYJSPHO K BeKTopy I'.

[ToBepreM ocH KoOpaMHAT TaK, 4TOGHl HanpaB/eHHS HOBBIX
ocell 6blaH riaBHbIMH. Torga KoopaHHaThl BeKTOopa i’ COOTBeTCT-
BEeHHO — 3HaueHHsl KOCHHyca H CHHyca yrja nosopora a. Tako#
NoBOPOT onpenensieTcsd ¢opMmy/naMu npeo6pa3oBaHHs KOOPAMHAT

X =75 = Y1
V2 |2 (43)

ITo dopmynam (43) HMeeM
1 1 1
—2— 1y =2 B ) A at ) =
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16 12

—_—— =Xy — —
ve Tt yE e
M, CJe40BaTe/JbHO, HCXOJHOE ypaBHEHHE NPHMET BH]I
16 12
8x? — 2y — — x; — —y,— 13 =0.
1 Y1 V2 1 V2 Y1

[Ipeo6pa3yeM MOJyuyeHHOe ypaBHeHHe NyTeM BbIAE/JEHHs MOJHBIX
KBaJpaToB:

8 (x? —%xl) —2(.11? ‘762= yl) =13,

o e 2fo e e o2 g

%2 VZ
1 \2 3 \2
—_—— —_ 2 — = = 8,
8~ 75) —2(0t 77)
3 N Y
1 \2 (y1 + V2_) =1 : *
X— —=| — . ,
(v yg) = x
\\\ 0
CoBepluas napaJjJiejbHblil nepeHoc 1
no ¢opmyJaam AN \
—— L AN
X =x R ~. X
3
Y - !/1 + 72;v .
NOJIyUyHM ypaBHeHHe runep6oJbl / )
Y?
X2 — < = 1. Puc. 1

Iloctpoum ee. Cucrema koopauhaT Ox,y, NOJyYaeTcsi M3 CHCTeMHI
Oxy mosoporom Ha yroa a = 45°. Cucrema 0,XY nonyuyaercs na-
panenbHbiM mepeHocoM cucTeMbl Ox,y, Tak, YTO HoBoe Hauaio O,

1 3
HUMeer B cucreme Ox KOOpAHHATHI (—_ ——_-).
11 PAl Ve Vs
( IToctpouB cucremy koopauHat O,XY, BhluepuHBaeM KPHBYIO
puc. 1).

§ 15. MpuBeneHHe K KaHOHHYECKOMY BHAY
YPaBHEHHH NOBEPXHOCTEH BTOPOro NOpsiaKa

B HpﬂMoyI‘OJ]bHOl"{ CHCTeMe KOOpAHHAT INOBEPXHOCTb BTOPOro
NnopaaKa npenctaB/asieTcst YpaBHeHHeM BHAA

anx? + axny? + az2? + 2a;:xy + 2a13x2 +
+ 2as3yz + ay4x + AogY + Q342 + Qg4 = 0. (44)
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HanpaBuB ocH KOOPAMHAT MO IaBHBIM Hanpas/eHHAM KBajapa-
THYHOH (OPMbI
F = a;1x2 + agy? + a332® + 2a19xy + 2a,3x2 + 202342,
npuBeleM ee K KaHOHHYECKOMY BHIY
J— 2 2 2
F= llxl + x&'/t + )\321,
rae A1, A2, As — XapaKTepPHCTHYECKHE YHCJ/la KBAAPATHUHOH HOPMBI.
B HOBOji cHCTeMe KOOpAHHAT YypaBHeHHe (44) npHMeT BHA
2 2 2 ' ’ ’ _
Mxt Ayl MaZ] + @ Xy F By + a5+ 8 =0 (45)
JanbHeliuee ynpolleHHe ypaBHeHusi (44) nNpoOM3BOAMTCA C 1O-
MOUIbIO NMapaJieNbHOro nepeHoca.

Mpumep 1. [IpuBecTH K KaHOHHYECKOMY BHAY ypaBHeHHe MoO-

BEPXHOCTH
4x2 +4y? + 22 + 12xy — 20 = 0. (46)

Pemenne. Kagpatuunas dopma

F=4x2+ 4y2 + 22 4+ 12xy
HMeeT MaTpHuy

‘460
A=|640|
001
CocTaBHM XapaKTepHCTHYeCKOe ypaBHeHHe 3TOfi MaTpHIbI
4—1 6 0
6 4—70 =0

0 0 1—2

HJH

(A2—8A—20) (1—2) = 0,
OTKyna

M=1, b=10, A= —2.

Takum o6pasoM, ypaBHenne (46) npHBOAMTCA K BHAY

x4+ 10y — 223 =20
HIH

x3 y3 2

20 +5— 100 L
a 370, KaK M3BECTHO, ypaBHeHHe OLHOMOJOCTHOro runep6osounaa.

Ecau ypaBHeHHe MOBEPXHOCTH BTOPOro MOPsAKa COJEPIKHT

4JIeHBl MepBOr0 M3MepeHHs, TO 3aJlaya 3HAYHTEJNbHO YCJIOMKHSET-
cd, H60 B 3TOM cjlyuae HYXHO HaWTH (GoOpPMYJbl, BhIpaxKalolHe
cTapble KOOpAHHATBHI yepe3 HOBble, YyTOObI 3aTeM npeo6pa3oBaThb
K HOBBIM KOOpOHHATaM M uJjleHbl mepBoro u3MepeHus. Ha pac-
CMOTPEHHH 3ajau TaKoro poia Mbl He OCTaHaBJHBaeMcH.
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I'aasa 11

Teopus noas

[Ipin H3yYeHHH MHOTHX SIBJEHHH, BCTPEYalOWUXCs B MPHUpOAe
{1 TexXHHKe, Hac yacTO HHTepecyeT He TOJIbKO XapaKTep H3MeHe-
HUS NepeMeHHBIX BeJHYHH, y4aCTBYIOIHX B ONHCAHHH 3THUX siBJe-
HUi, HO 1 XapaKTeD H3MeHEeHHs MePBBIX H BTOPHIX NMPOH3BOAHBIX
3THX BeJHYHH, a TaK)Ke HEKOTOPhIX KOMOGHHALMN NMPOH3BOAHBIX.
3naHHe CBOUCTB 3THX MPOHM3BOAHBIX HJAH HX KOMOGHHAUHH MO3BO-
JseT TMOJYyuYyduTb 6oJiee MOJHOe MaTeMaTHYeCKoe ONMHCaHHe H3y-
yaeMOro sIBJeHHss U XapaKTepa NpoOLeCcCOB, MPOTEKAIOUHX MNpH
stoM. Tak Kak Kaxjaasi nepeMeHHasi BeJlHYHHA MOXeT H3MEHSTb-
ca B HeKoTOpoi o6sacTH (OrpaHH4YeHHOR HJH HeOTpaHHYeHHOH),
TO HM3y4eHlle XapaKTePHCTHK, CBSA3aHHBIX C H3MeHeHHeM [JaHHOH
BeJIHUHHBI, Mbl TaK»e QOJXKHBI NMPOBOAUTbL B 3TOH o6snactu. Tak
MBI IPHXOAHM K TMOHSATHIO MOJS.

§ 1. CkaaspHoe noJae

[Tosem Ha3biBaeTcs NPOCTPAHCTBO (MK 4acTb ero), B KaXkaoH
TOYKe KOTOPOro 3ajaHa HeKoTopas BeauunHa. Eciu sta Bennuuna
€CThb CKaJsip, TO MOJie Ha3blBaeTCs CKAAAPHLIM, @ ecllh BEKTOp,
TO 8eKTOpHbim. TIpUMEPOM CKAaNSAPHOrO TMOJS MOXKET CJAYXKHTb
nose TeMnepaTtyp BHYTPH HEKOTOPOro HarpeToro rena, fnojne na.-
JIeHHII B HEKOTOpOM OGbeMe, MoJe MJIOTHOCTH Maccel H ap. Ilpu-
MepOM BEKTOPDHOrO MOJisi sBJsIeTCS [MOJe CKOPOCTel, CHJOBOe
nosne u ap. Yacto B OJHOI ¥ TOH Ke YacTH NMPOCTPAHCTBA MOTYT
HMeTb MeCcTO OJHOBPeMEHHO CKaJsipHOoe M BeKTOpHOoe moJsi. Ha-
npumep, B aTMocthepe MOKHO OJHOBPEMEHHO paccMaTpPHBaTh noJe
TeMnepaTyp H moJie CKOpocTeil BO3ayXa H T. 1.

Cka/sipHOe MoJie CYHTAeTCsi 3aJlaHHHIM, eCJH B KaXKIOH TOYKe
NpoCTPaHCTBa oOnpejefneHa cKajsipHas OyHKuus u(x, Y, 2).
B nanbHeiimem 6yaeM npeanosaraTh 3Ty (GyHKIHIO HelpepLIBHOM
B paccMaTpHBaeMoit 06.1aCTH BMecTe C YacCTHBIMH NPOH3BOLHBIMH
NepBOro mopsigka mo BceM MepeMeHHBIM.

PaccMOTpHM Bce TOYKH cKajsipHOro noas #(x, y, z), B KOTO-
pPbIX naHHas (yHKUMS TNPHHHMAaeT IOCTOSIHHOe 3HaueHHe
u(x, y, z) =c. TeoMeTpHUECKOe MeCTO TAKHX TOYEK 3amoJIHseT
HEKOTOPYIO0 IOBEDXHOCTb, KOTOpDasi Ha3blBAeTCs NOBEPXHOCTHIO
yposna. Hacrto ¢pyHKUHIO U (X, Y, 2), 3afal0lLYyI0 CKa/1spHOe moJe,
Ha3blBAIOT MOTEHYUAAOM, @ TIOBEPXHOCTH YPOBHs, COOTBETCTBYIO-
wHe 3Toi GYHKUHM (NpH Pas3JUUHBIX 3HAUEHHAX C),— IKBUNOTEH-
YUANbHOIMU NOBEPXHOCTAMU.
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Ecsii nosie 3a4aHO He B MPOCTPAHCTBEHHOH, a B IJIOCKOiT o6Ja-
CTH, TO OHO OMHChiBaeTcsi (QYHKUHEA NBYX NepPEeMEeHHBbIX u(x, y).
PaBeHCTBO (X, Yy) = € NpH Pa3nUYHbIX (PHKCHPOBAHHBIX C Onpe-
neasiet, BooG6llle roBopsi, pasJjuuHble KpHBbie. TaKue KpHUBble HA3bI-
BAIOTCS AUHUAMU YPOBHA MIOCKOrO cKajasipHoro noss. C noMoubio
JHHH{ YPOBHH Ha TomorpadHyeckHx KapTax 0603HayaioT pejbed

a 2Z 8 2

Puc. 2

MeCTHOCTH; OHH COeHHSIOT TOUKH, HMelolllue OJHHAKOBYIO BBICOTY
HaJ ypoBHeM MOps, U Ha3bIBAIOTC 20pU30HTAAAMU. C MOMOIILIO
JIMHHHA YPOBHs Ha CnelHaJbHBIX KapTax u3obpaxaioT pacnpejesne-
HHe aTMoc(epHBIX OcagKOB, TeMrnepaTyp, AaBJeHHH H T. 1.

NMpumep 1. Hafitu noBepxHOCTH YpOBHs GYHKUMH 4 = x2 4
+ y2—22.

Pewewnue. IlpupaBusem
3HaueHHe QPYHKIHH K NOCTOSIH-
HOMY:

24 y2—22=c.

[Tlpuy ¢<0 noBepxHOCTAMH
ypoBHsi (pHC. 2, a) sBasieTcs
CeMeHCTBO ABYMOJOCTHHIX TH-
nep6osmounos; npu c>0 —
ceMeliCTBO  OZHOMOJOCTHBIX
runepGosiongoB (puc. 2, 6);
npu ¢=0— Kpyrosoil KoHyc
C BepIIHHOH B HadaJje Koop-
OuHaT (pHc. 2, 8).

Mpumep 2. Haihtn mauHUM

1
Puc 3 H306paxKkeHHOH Ha puc. 3.

x ypOBHs1 QYHKIHH 2 =
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Pemenue. IlpugaBas 2 TOCTOSHHOe 3HAYeHHe C’, MOJYYMM
1
"zT:__ﬁ— = ¢’. Tonowus —— = c?, 6yzieM uMeth x*+ 4> =%, T. e.
x y
JMHMSMH YDOBHS TP pPa3/JUUHBIX 3HAYEHHSX C FBJSIOTCH OKpYyX-
HOCTH.

[ 4
§ 2. NpoussoaHas nNo HanpapJeHHIO

JIns u3yueHHsl CKaJIAPHOrO Mojis Ba)KHO 3HATb CKOPOCTb H3-
MeHeHHs QYHKUHH u(x, Yy, 2), 3analolled 37O moJe, Npu nepexoae
OT OfHOH TOYKH NMPOCTPaHcTBa K apyroii. C 3TOH LEbIO BO3b-
MeM (HKCHPOBAHHYIO TOYKY M H Kakylo-HWOyab NepeMeHHYIo
touky M, (puc. 4). Orpesok MM, Gyner cuuTaTbCs Hampas-
JEHHBbIM, MPH 3TOM HampasJ/eHHe 6epercs CO 3HaKOM IIIOC, €C/IH
OHO COBMajfaeT C HamnpaBJeHHeM NMPSMOK [, H cO 3HAKOM MHHYC,
ec/ld OHH TPOTHBOMOJOXHHL. z

Ecau cymecTByer npenea
OTHOLUEHHS

i u(M;) — u(M) ’ .24
Ml,rPM MM, /gﬂéﬂf'

TO 3TOT mpenes HasblBaeTcs ] q
npoussooHoi ¢byHkuuu u(M)

no HanpabJieHHI0 [ B Touke M

1 o6o3Hauaercs

Ou(M) _ i M) —uiM)
o = m-m MM, Puc. 4

Ecau pas  ¢yHKUHMH OQHOM He3aBHCHMOH NepeMeHHOMH

y=f(x)

lim fE+ 80—

Ax-0 Ax

NOKa3biBaeT CKOPOCTb M3MeHEHUS OpAHHATHl Mo abcuucce B TOY-
Ke ¢ KOOpPAMHAaTO# X, TO MNPOU3BOAHAA IO HaNpaBJEHHIO
xapakrepHayer OBICTPOTY H3MeHeHHs GYHKuuH u(M) B TOuke
M(x, y, z) B HanpaBJeHHH [.

[TokaxeM, 4TO MPOH3BOLHAS NO J1100G0OMY HANpaBJEHHUIO BHI-
pa)kaercs yepe3 MNPOH3BOAHbIE MO TpeM B3aHMHO NEPIEHIHKY-
JAPHBIM HanpaBJieHHAM X, Yy, 2 o ¢opMye .

Ju _ Ou Ou du
-a—[—jx—cosa—!- WCOSB—I—wCOST, (l)

rae cosa, cosf, cosy— HampaBasiollie KOCHHYCH Jyuya [ [las
3TOro 0603HauHM paccrtosHue MM, uepe3 f. Tak Kak ¢yHKuis
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u(x, Y, 2) N0 NpeanoJOXKeHHUIO auddepenuupyema (uMmeeT HeEmpe-
PbIBHBIE YaCTHBIE NMPOH3BOJHbIE NMEPBOro nopsgkKa), TO ee MoJHOe
npHpalleHHe MOXKHO 3aIHcaTh

Au=u(x+Ax, y+ Ay, 24 482)—u(x,y,2) =
ou ou a
=a—xAx+Ty'Ay+Tg-AZ+e, °

rie € — GeCKOHEYHO MaJnasi Gosee BBICOKOTO nopsaka, ueM L

Beipazum Ax, Ay, Az uepes { u HanpaBasiolue KOCHHYCHl Ha-
npaBneHus I:

Ax =tcosa, Ay =tcosP, Az=tcosT.
3anuuieM pasHOCTb

w(M;) —u(M) = u(x + tcosa, y+ tcosB, z -+ tcosy) — u(x, §,2)=
=g—’;tcosa+g—:tcos§3+g—gtcosy+s. (2)

PaspenuMm Bce 4sieHbl paBeHcTBa (2) Ha f:

M) —uM) _ Ou . Ou Ou 3
—— = 5; ¢osa l—a—ycos[3+a—zcos~(+7

u nepefineM k npefieny npu ¢ — 0. ITpu STOMTE CTpeMHTCS K HY-
JIo, Korja
s uMy)—uM) _ du _ du Ou_ ou
}LT_t_— = 5 =7 Cose+ 5 cos B + ——cos 7. (3)
ou
Kak BufHo u3 (3), NpousBojHas —5~ 3aBHCHT KaK OT YaCTHBIX

' (7]
Ou 04 04 o rouke M, TaK M OT HampaBIeHHs

MPOH3BORHBIX o=y 51 5

Jayua /.
Mpumep 1. Hafitn npoussoanyl0 ¢YHKUHMH @ = Xyz B TOYKe

A (5,1,2) B HanpaBseHuH, WAYIIEM OT 3TOH TOYKH K Touke B(9,4,14).
Pewenune. IMpumem nanpasnenne AB 3a [, Torpa

ow ow ow Jw
T=Wcosa+ Ty—cos@—l— -5 C0sT» *)
rae cos a, cos 3, cos — HanpaBJsIOLIHe KOCHHYChl TpsiMoii /.
HaiineM koopauHaThl BekTOpa AB {a,, a,, a,} n HanpaBssiO-
LIMe KOCHHYCHI:
a.=9—5=4, a,=4—1=3, a,=14—-2=12;

cosa = Oz = 4 =
Va+a+ai Veresr B
ay _3 - 12
0SB = —————x =73 COST = e .
P Val+a;+a? 13 Vaitaytal !
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HaiineM uacTHble npou3BojHble QYHKUMH @ B Touke A:
Jw

ow . Ow _ _ 0w _ _
WA—yZIA =2'—07 A—x2|A—IO’ 9z A—xylﬁ—s'
IMoayuenHsle 3HaueHHs noacTaBuM B dopmyay (¥)
ow 4 3 12 98
o =2t gt =g

Mpumep 2. Haittu npousBopHyo ¢yukumuu z = In(x + y) B TOY-
ke (1, 2), npuHaanexauei napaGose y* = 4x, N0 HampaBJIEHHIO 3TOH
napa6osbl.

PemweHue. 3a HanpaB/leHHe KPHBOH B JAHHOH TOYKE NpPHHH-
MaloT HanpaBjleHHe KacaTeJIbHOH B 3TOH TOYKe. YCTaHOBHM Ha-
npa.Jienue napaGossl B Touke (1, 2).

Hafizem HanpaBnsiioLiHe KOCHHYCH KacaTeJsIbHOMH:

2yy’ =4, v =%, tga=y w1 = 1;

1 1 . 1 1
COS O = —/——— = ——, cosB =sinag = ——mo— = —
V1i+tga Ve ' V1ifctgfa V2
oz ___ 1 _ b
ax x=1 x+y ,x:l 3 ’
y=2 =2
0z . 1 _ _l_
0y |x=1  x+4 |x=1 3 °
y=2 y=2

[MonyueHHble 3HaueHHs MOJCTaBHM B (hOpMyJly NpOH3BOAHOH (3):

0z 0z 0z
a5 ——Jcosa—i- Wcos 3,
9z 1 1 1 Ve

Npumep 3. Haifitu ckopocTh H3MeHeHHS CKaJfipHOTO moJs, 3a-
JaHHOro QyHkuMed u = Sx%yz — Txy?z 4 Sxyz® B HanpaB/ieHHH BeK-
Topa @ = 8] — 4+ 8k B Touke M(1,1,1).

Pemenne. Hafinem u4acthwme NpOH3BOJHEIE ¢yHKIMH © B
Touke M:

o
ox

= (10xyz — 7y*z + 5y2*?) =38,
M M

g—; = (5x%2 — l4xyz + 5xzz)M = —4,
M
2| =(Bxty—Txy? + 10xy2) =8
M M
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W Hanpasfsiiolye KOCHHYCHI

cosa =0 =2 o3 —___ L
Veiri6+64 3° 0T yVims 3’
8 2
COS = = —,
T V144 3
CkopocTb M3MeHeHHs: QYHKIMHM (MpOM3BOJHAS MO HAMpPaBJEHHIO)
Ou ou

_ du ou
a5 —W—COSG-I- a—y'COSB—{—a—zcos'r =

=8u%44—®6n%y+8~%=12

§ 3. 'papmenr

MoxHo mocTaBuTb BOMpOC, MO KAKOMY HanpaBjeHHIO BO3pacTa-
HHe (yHKUMH u(M) B paHHON Touke OyjaeT HanGosbwuM? ITOT BO-
NpoC MMeeT CMbICJ B TOM CJydae, eCJd MPOH3BOAHLIE

ou ou ou
ox b oy =b, oz ¢
He DaBHbl HYJIO OJHOBPEMEHHO (HHaye TNPOH3BOAHAst MO JioOoMy
HanpaB/eHHo 6blia Obl HyJiem).
ITpeoGpa3yeM npaByio yacTb paBeHCTBa (3):

du du du
2y C0s % -+ Wcos@—l— - oY =acosa + bcos3 + ccosy =

—VET T 8y s e
Va+ 6>+ Va+ 6+ c

cosT).

cosB 4

c
Y Varere
Bripaxenus
a b c
Varroif 2’ Vo Yafb2tc

MOXHO pacCMaTpHBaTh KaK HanpaBJsiOLlHe KOCHHYChl HEKOTOpOro
BekTOopa g {a, 6, ¢,}, T. e.

a . b
Vatere N Varere oW “
)
—,—;i==COSV
YV a2+ b2+ c?

(cos®A + cos?p + cos®v = 1), u TOrAa MosMy4HM
d ————, s
0_7 =V a? 4 b* + c*(cosk cosa 4 cos p cos 3 + €os v cos 7).
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N
OGo3HayuB uepe3 (g /) yros Mexny HampaB/jeHHsAMH g # [/ u Boc-
NOJb30BaBLIHCh (OPMYJIOH CKaJNApHOro TMpOM3BEJEHHsI B KOOpAHHA-
Tax, 3anuiieM

%‘- =}/ a® + b® + c*cos (g/,\l). )

Sra npou3BonHas WMeeT HauCosibllee 3HayeHHe, €CJH HaMpaBJeHHs
g 4 I coBmajamwor, T. €.

44 —varrre- VBT (2T 0

BekTop g, mnpoeKUHMH KOTOPOro Ha OCH KOOpIMHAT oOlpejes-
10TCsl paBeHCTBaMH (4), yKas3blBaeT HampaB/ieHHe HauGosiee GbICTPOro
BO3pacTaHusl (yHKLUHH, a €ro JJHHA JaeT BeJIHUMHY COOTBETCT-
BYIOLEH MPOM3BOAHOH. DTOT BEKTOp Ha3bIBAIOT TpajMEHTOM (YHK-
uHH u(x,y,2) 1 o003HayaoT

g =grad u(x,y,2). (@)

OnpeneaeHnue. I'paduentom pynkyuu u(M) =u (x, y, 2)

HQ3bLBAETCA B8eKTOP, OTHEeCeHHull K Touke M, Koopdunaramu Ko-

TOPO020 ABAANTCA 3HAHEHUA HACTHbLX NPOU3BOOHLIX 3TOU (PYHK-
yuu, T. e.

ou ., ou ., a
gradu=—a%-z+-%1+0—:k. ®)

[Npoekunn rpagueHTta, a cjaegoBaTesNbHO, H OH caM 3aBHCAT OT
KOODIHMHAT TOYKH.

BBenst noHsTHe rpagueHTa CKaJspHOro moJsi, paBeHCTBY (5)
MOKHO MPHAATh BHJ

| glcos (g.D), )

T. e. IPOH3BOJHAs MO HampaB/JeHHIO PaBHa NPOEKLUHH rpajHeHTa
GYHKUHH Ha 3TO HanpasJieHHe.

OGo3HauuB eMHHYHbIA BEKTOp HampaBJjeHHs Jyuya [ uepes I°,
NPOH3BOJAHYIO MO HanpasJjeHHio (2) MOXHO 3amucaTb H TakK:

a o
% = (gradu - I°), (10)

T. €. NMpOH3BOAHAs (yHKUHMS MO JAHHOMYy HalpaB/eHUIO paBHa cKa-
JIAPHOMY TIPOM3BENEHHIO TpajHeHTa (GYHKUMH Ha ELMHHYHBIN BEKTOp
3TOro Hampas/eHusi. 13 paBencTsa (10) HemocpeACTBEHHO BbiTeKaeT
BbIBEJICHHOE HAMH YCJIOBHE HANpaBJieHHsi HaMOOJIbLIEro BO3pacTaHHs

¢yHKuuM. deficTBHTeNBHO, % npuHuMaeT HauGosblee 3HAaYeHHe, €c-

au BeKTop gradu M eJMHHYHBIH BeKTop [° mNapa/eibHbl H OAHHA-
KOBO HalpaBJeHbl.
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IlpoBenem dyepe3 Touky M, (puc. 5) noBepxXHOCTb YpPOBHHA
u = ¢ ¥ NnOKa)eM, 4To BekTop grad u(M,) HanpaBJjieH MO HOpMa-
JH K noBepxHocTH. [leficTBUTeIbHO, ypaBHeHHe HOpMaJiH B TOUKe
Mo (%0, Yo, 20) 3anuiLeTCs

// X~ % Y — Yo
du - ou
\ G (3
2—2,
u
( 0z ) M,
W3 npusesenHoro ypaBHeHHS

CJelyeT, 4TO HopMaJib K MOBEPX-
HOCTH, HMelolasi MpOEKUHH Ha

OCH KOOpAUHAT fﬁ (ﬂ)
P (0" )Mo' %Y | M,

Mﬂ(xﬂlya;z‘,)
Puc. 5

n (%‘%) , COBMAjlaeT C rpajHeHTOM QYHKUHH u (x,y,2) B Touke M,,
M,

UTO M JIOKa3biBaeT Haule yTBepXKJeHHe.

Puc. 5 paer HarasgHoe npeicTaBjeHHe NMPOHM3BOAHON MO Ha-
npaBJ/ieHHIO KaK npoekuuu grad u Ha 310 HanpaBaeHue. [as 3TO-
ro BeipaxeHue (10) sanuumem B BHIe

ou

ol T
rae ¢ — yroa mexnay grad u u HanpassieHHeM Jyua l. B Touke M,
K NMOBEPXHOCTH YPOBHSI ¥ = C BOCCTaHOBHM NePNeHAHKYJsP H OT-
JOXHM Ha HeM BekTop grad u. Ha sTom BekTOpe, Kak Ha aua-
merpe, noctpoum codepy. M3 Touku M, npoBoguM Bektop [
H o603HayaeM TOYKY IepeceyeHHs ero ¢ NOBEPXHOCTbIO cdeprl
yepe3 K. Torga u3 pHCyHKa BHIHO, UTO

| grad u | cos ¢,

MK = % =|gradu|cos .

Ecnn 0603HauuTh eMHHYHEIN BEKTOp HOpMaJH 4epe3 n°, a mpo-
o Ou
H3BOZHYIO DYHKUHH MO HANpABJIEHHIO STOM HOpManH 4epes -, TO,
OyeBHAHO, OyleT HMeTb MeCTO PaBeHCTBO
ou o
gradu = o n.

M3 onpenesneHnst rpagueHTa Jierko noJayyuTb cledylolile ero
CBO#CTBa, N0Ka3aTe/bCTBA KOTOPHIX NpejsaraeM BbIBECTH YH-
TaTeso.

1. grad(u + ¢) = gradu (c = const).

2. grad cu = cgrad u.
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grad (u; + u2) = grad u; + grad u,.
grad(uv) = ugradv + v gradw.
gradu? = 2u grad u.

o oiew

grad - = (vgradu —ugradv).

7. gradF(u) F’(u) grad u.

Npumep 1. Haiitu Be.nutma;r H HanpaBJjleHHe rpajHeHTa cKa-
JsIpHOTO nosist u = x2 + y2 + 22 — 2xyz B Touke M, (1, —1, 2).
Onpenennts, B KaKMX TOYKAax TPajHeHT MePHeHAHKYAsdpPeH K
OCH X, B KAKHX TOYKaX OH pPaBeH HY.JIIO.

Pemwenune Haxonum uactHble npoH3BoiHble B Touke Mo:

%;— = (2x_2yz)Mu = v g—z = (2y—2xZ)M. = _6,
Mo ou Mo
o =@2—2xy) =6
M,

gradu (M) = (35), 1+ (55 5 ) d T (3),, = 61— 6+ k.

BenuunHa rpaguenra

|grad u| = V& + (—6)* + 6 = 61/3.
FpagueHT QyHKUHH 4 B NPOU3BOJLHON TOuke M
graduM) =2(x —y2) i+ 2(y —x2)J + 2(z—xy) k.
Bekrop, nepneHIHKyJASIPHBIH K OCH X, HMeET PaBHYIO HYJIO
nepByi0 KOOPAHHATY, MO3TOMY
2(x—y2)=
CnenoBaTesbHO, AJsl BCeX TOuyeK M, JeXallHuX Ha MOBepX-

HOCTH Xx = yz, gradu Gymer mneprneHAHKyJspeH K ocu x. I'pa-
JIHEHT paBeH HYJIO, eCJH
x—yz=0, y—xz2=0, 2—xy=0.
Pemas 3Ty cHcTeMy, HaXoIHM HCKOMbIe TOUKH
M (0, 0,0), Ma(—1,1, —1), M3 (1, —1, —1),
My(—1, —1,1), M5 (1, 1, 1).
Mpumep 2 HaiitTH rpagHeHT noTeHuHana 3JeKTPOCTATHYECKOrO

nons ¢ = - (g— sNeKTpUYECKHMil 3apsjl, I — PAacCTOsHHE TOUKH
OT Hauana xoopp,uHaT, r=Vx2+ 2+ 2.
Pewenue.
deo 0
gradp = —~ j+ Stk
9 _ __ g 0% _ Ly_ 21__&-
ox s’ oy ' 0z s’
q
grad<p=——7,—(xi+yj+ k)=——FT1
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QuU3HYeCKHil CMBICJ MOJYYEHHOrOo pe3ysbTaTa COCTOMT B TOM, 4TO
rpagHeHT MOTeHIHaJ/a 3JIeKTPOCTAaTHYeCKOro MoJjiss pPaBeH Hanps-
’KEeHHOCTH noJsl.

NMpumep 3. Haiitu grad(r, a), rae r = xi + yj + 2k, @ —no-
CTOsIHHBIA BeKTOp: @ =a,l+a,j+ a.k.

PeuleHHue.
(ra) =xa,+ya, + za,,
a a
ox (xax) =a,, W(yay) = ay,
a
& (2a,) = a,.
Torna

grad(ra) =a,i+a,j+ a.k.
W3 storo paBeHcTBa BHAHO, yTo grad (r@) Bo Bcex TouKax rnoJs
COXpaHsieT OJMHaKOBOe HallpaBjieHHe, COBMNAjaiollee C HampaBjeHHEM
BeKTopa @. Jlnfi CKajfipHOro INpOHM3BeNEHHS (r@) MOBEpXHOCTSMH
ypoBHst 6YAYT MJOCKOCTH, NepleHAMKY/AsipHble K BeKTopy @, T. €.
ax + ayy + a2 =c.

Npumep 4. Hafitn HauGoJbliyl0 KPYTH3HY MOBEPXHOCTH 2 =
=xV B Touke A(2, 2, 4).
Pemenne Halinem yacTHble mpon3BoaHble B Touke A:
02

6x = (yxy_])A = 4,

A

=(xYInx)a =4In2;
a
gradz(A) =4i+ 4In 2.
Hanpapasioimne KocHHychl rpaguesTa
4 _ 1
VELr@me: Vi in2
4In2 N In2
VE+@Em2:  Yifmr2
OGo3HaunM yrosn HauGosiee KpyTOro MOABEMA INOBEPXHOCTH 2
B Touke A (B HanpaBienun gradz) uepe3s ¢, Torga GHICTpPOTa

H3MeHeHHs1 QYHKUHMH B 3TOM HampaBjleHHH MJH, 4TO TO Xe, tg ¢
onpejesHTCS H3 COOTHOLUEHHS '

0z

9y

Cosa =

cosB =

1

V1+In22 +

cosB=4
A
In2

Vi+inze'’

0z
Cos a + W
A

+4In2

__ 0z
e =5




tge =4Y'1 + In22~4,87;
o =T8°24".

§ 4. BekTopHoe noge

Kak ykasbiBasoch B § 1 HacToslieil ryiiaBbl, BEKTOPHBIM IO-
JieM Ha3blBaeTcs 4acTb NMPOCTPAHCTBA, B KaXnoil Touke M KOTO-
poro onpeneneH HEKOTOPbIi BeKTop @ = a (M).

Ecan 0603HaunTh npoekuunn Bekropa @ (M) Ha ocH KOOpIH-
HaT uYepe3 ax, @y, Q;, @ KOOpAHHATBl TOYKH M uepe3 x, y, 2, TO
BeKTOp @ (M) u ero npoekunu 6ynyT GyHKUUSIMH KOOPAHHAT TOY-
KH, T.e. a=a(x, y, 2) wm

a=a,(xy 2)i+a,(xy 2)J+a,(xy 2k

B nanbHefimem 6yaeM npeanosarath, YTO NPOEKUHH Qx, Ay U Az —
OJHO3HAuHble HenpepbiBHble (QYHKUHH KOOPAMHAT TOYKH, HMe-
IlHe HempephiBHblE YacTHble MpPOH3-
BOJHble NepBOro mopsgka. ITo 3Ha-
YHT, YTO B KaXKAOHK TOUKe MOJIS HMeeT-
CSl TOJIBKO OJHH BEKTOp, H3MEHSI0-
LWHACA HenpepbiBHO NPH nepexoje OT
TOYKH K TOYKe.

[pacuuecky BeKTOpHOe mNoOJe H30-
GpakaeTcsi BEKTODHbIMH (CHJIOBBIMH)
JUHUAMH (pHC. 6.)

Onpeneaenue. Bexropnoii Puc 6
AUHUel nOAR HA3bIBAETCA TAKAA KpU-
eas, 8 kKaxool Towke KOTOPOU KacaTeAbHas coénadaeT ¢ HANpPas-
AEHUeM 8eKTOPa, NPUIOHCEHHO20 8 ITOU TO4KE.

B kKauecTBe npHMepa BEKTOPHBIX JIHHHH MOTYT CJYXHTb JHHHH
TOKA JKHAKOCTH, T. €. JIHHHH, 1O KOTOPbIM JBHIKYTCH 4YaCTHILbI
JKHIKOCTH. B 3sekTpocTaTHYeCcKOM MoJie BEKTOPHBIMH JIHHHSIMH
SIBJSIIOTCA €ro CHJOBbIE JIHHHH H T. I.

CoctaBuM ypaBHeHHsT BeKTOpHbIX JHHuA. Ecam r(x, y, 2} —
pagnyc-BeKTOD KaKOH-HHOyIb BEKTOPHOH JIHHHH, TO BEKTOD

dr =dxit+dyj+dzk

HampaBJieH 10 KacaTeJbHOH K 3TOH JIMHHK. [10 onpe/ies1 eHHIO BEKTOPHbIX
JHHHI BekTOp @ (M) TakKe HanipaBJieH 110 KacaTebHoi. Crie10BaTesbHO,
BekTOpH 4 {a,, a,, a,) W dr{dx,dy, dz} koimMHeapHb. B rtakom
C/lyyae HX TNpOEKHHH MpPOMNOPLHOHAJBHBL, T. €.

dr _ dy _ 2

_ 4y _ dz (11)

a, ay a,

Mbl noayyuu cHcteMy AHGbGepeHuHaNbHbIX YpaBHEHHH BEKTOD-
HBIX JIMHHH.
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HHorna paccmaTpHBAOT MOBEPXHOCTH, COCTABJEHHBIE H3 BeK-
TOPHBIX JIMHHI; HX HA3BIBAIOT 8eKTOpHbiMU nogepxHocTAmu. OHH
XapaKTepH3ylOTCs TeM, 4TO B Kaxaoi touke M TaKoil moBepx-
HOCTH COOTBETCTBYIOLIMH BeKTOp @ (M) /exuT B KacaTeJbHOH
MJIOCKOCTH K NOBEPXHOCTH. Ec/M B3siTh 3aMKHYTBIH KOHTYP H MpO-
BECTH uepe3 BCe TOYKH 3TOrO KOHTypa BEKTOpHble JIHHHH, TO
o6pasyercsi TMOBEPXHOCTb, Ha3blBaeMass BeKTOpHOU TpYybKod
(puc. 7).

Mpumep 1. Haiitn Bek-
Hble JIHHHH NOJS

SaMKHYMbIZ KOWMYP Top

aM)=(y+2)i —xj—xk

Genmoproie numvy Pemenue. YpaBHeHus
BEKTODHBIX JIHHHH MOJYUHM
H3 CHCTEMBbl ypaBHEHHH
: dr_ _ _dy __ &
Puc. 7 y+z % x
HJIH
xdy = xdz, }
xdx = — (y + 2) dy.

M3 mepsoro ypaBHeHHsi cHCTeMBbl ciaeayeT dy = dz;, HHTErpHpys
ero, HaxoguM y — z = ¢. Hcnonb3ys paBeHcTBO dy= dz, BTOpOE
ypaBHEHHE CHCTeMbl 3amHileM

xdx 4+ ydy + zdz = 0. (

Pemennem ero 6yner
24+ yP4+22=R? (R = const).

CnenoBatebHO, ypaBHEHHSIMH BEKTOPHBIX JIHHHA SBJISIOTCS JIHHUH
nepeceyeHHs] KOHIEHTPHUECKHX cgep H ceMefiCTBA INapafieJibHbIX
NJIOCKOCTeH, T. €. OKPYkKHOCTH

y—z=c,

x*4 4>+ 22 = R

Mpumep 2. HafiTh BekTOpHble JIMHMH mOJS
aM)=G—y)i+x—2j+G—nk

Pewenwne. 3pecb a, =2—y, a,=%—2, a, =Yy —X.
YpaBHeHHs BEKTOPHBLIX JHHHIA:
dx dy dz

2—y x—z y—x
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Cucrema pacrnajzaercsa Ha ABa YpaBHEHHS:

s
dz

Ay _

dz

z—y
y—x'
XxX—2

y—x’

CnoXHM mpaBbie H JeBbie yacTH (*)

dx dy z2—y+x—2z

*)

dz U Tdz y—x
HJH
dcx+dy+dz=10
OTKyJa
x+y+2z2=c.
3atem mepBoe ypaBHeHHe (*) YMHOXHM Ha X, BTOpoe —Ha y H
CJIOXKHM
xdx + ydy (Zy—y)x + (x—Z)y
"4‘: + A=
xdx + ydy + 2dz = 0,
OTKYZa

R4yt 2=
Vrtak, pelueHnsaMH Halleil CHCTeMbl SB/IAIOTCS OKPYIKHOCTH, 06pa-
30BaHHble nepeceueHHeM cdep C LEHTPOM B Hayale KOOPAMHAT

H TIJIOCKOCTeH:

B+yr+22=

x+y+2z=c.

IMpumep 3. Onpenenuts BEeKTOpPHbIE JHHHH MarHHTHOrO MOJS,
06pa30oBaHHOrO 3/1EKTPHYECKHM TOKOM, CH/Ja Kotoporo /, TeKy-

UM N0 6ecKOHeYHO AJHHHOMY NPSIMOJIHHEHHOMY NMPOBOAY.

Pewenne Ecan npuHATb MPOBOA 32 0OChb 2, TO BEKTOP Ha-
NpsiXKeHHOCTH HCKOMOro MarHuTHoro moasi H Beipaxaercs ¢op-

MyJ/OH (BBIBOJ ONycKaeM)

H———— —yi+xj),

rpe r —paccmmme OT TOYKH M A0 TpoBOJaA. B Hamem Cly4yae
2Ix

21y
@r=——"n

Y paBHeHHSIMH BEKTOPHBIX JIHHHH OyayT

y
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Cucrema pacnagaercsi Ha. gBa ypaBHeHIIsI

dz=0, 2=C #u dx —_—ﬁ.

. —y x
Z\ Pewas nocnennee ypaBHeHHe
H xdx + ydy = 0, HaxOAHM
x2 + y2 R2
A CD H (R =const).

Urak, ypaBHenHs BeKTOpHBIX JIH-
HHi MarHUTHOro noJss CyThb

P z=cu 2+ y*=R2
y =\~

=y 710 GYyAYT OKPYKHOCTH C LEHTPOM
Ha OCH 2, JeXallHe B MJIOCKOCTSX,
H NepneHAUKYJNspHBIX ~ ITOH  OCH
z (puc. 8).
Puc. 8

)

«

§ 5. MoTok BeKTOpa Yepe3 NOBEPXHOCTh

[lycTs B mpocTpaHcTBe, B KOTOPOM 3alaHO BEKTOpPHOe MoOJe,
onpejesneHa MNOBepPXHOCTb O, a BeKTop @ (M), 3apatoumit 310
noJje, onpenenasieT noJje ckopocTtei TeKylleil XHAKOcTH. CuHTas
JBHKeHlie YCTAaHOBHBIUHUMCS, T. €. He H3MeHSIOUUMCS CO BpeMe-
HeM, pacCMOTPHM TOYKy M Ha noBepXHOCTH. Bhuluucaum Kosn-
4eCTBO KILIKOCTH, NMpOTeKaiollee 4epe3 NOBEPXHOCTb G 3a enH-
HULY BpeMeHH. Ecau npuHATHL niowanky Ao, OKpyXaloulylo Tod-
Ky M (puc. 9), mocTaTO4HO MaJjioH, TO ee MOXKHO CUYHTATb
NJOCKOIl, a BeKTOp @ (M) W eIMHHUYHBII BeKTOp HOpManu n—
nocTosiHHBIMH. KO/IHY4ecTBO KMAKOCTH, MpOTeKalolleil yepe3 nJjo-
wagky Ao, npHOJH3HTENbHO MOXKHO MNPHHATb PaBHBIM 00beMy
LHJIHHIpA, H306paXKeHHOro Ha puc. 9:

AQ =~a,Ac =(an)Ao.

[Tepexons K npepeny, Korga guamerp
naowaiku Ac—-0, moayuyum

o+ = lim 53 = (an),
OTKyza
dQ = (an)do.
Kosnyectso XKHAKOCTH, MpOTeKalolLeH Puc. 9
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4yepes BCIO MOBEPXHOCTb, ONpeneNHUTCA HHTerpajJoM mno noBsepx-
HOCTH

Q=([(an)doa.

Tenepb OTBleueMCS OT KOHKPETHOrO BHAA noss. PaccMoTpum
BEKTOPHOE TioJie, o6pasosaHHoe BekTopom @ (M) =a i+ a,j 4 a.k,
H B 3TOM [0J1€ HEKOTOPYIO TIOBEPXHOCTb 6, B KaXXJOH TOUKe KOTO-
poii onpefieJIeHO MOJIOXKHTeNIbHOE HanpaBjaenue Hopmand r. [O6o3ua-
UMM TUIOLLAZKY, OKpy:Xaiouiyio Touky M, uepes As (cM. puc. 9).

[TorokoM Bektopa @ (M) uepe3 moBepXHOCTb G Ha3blBaeTcs
HHTerpaJ no noBepXHOCTH

Q=|flamds=[{ado. (12)

rae a, — NpoeKuus BekTopa @ (M) Ha BHEILHIOI HOPMaJib K Mo-
BEPXHOCTH C.

[Totok Bekropa — ckaasp. [lpy nepemMeHe oOpHEHTaUHH MO-
BEPXHOCTH ¢ MEHSIeT 3HaK H MOTOK BEKTOpa, TaK KaK NPH 3TOM
113MeHseTCsl 3HaK HOpManau n.

BblpasuM enuHHYHBIH BeKTOP HOpMaJH 1 uyepe3 ero mpo-
€KL HH

n = cos (n,/})i—l— cos (n,Ay)j + cos (n,/;) k,

N N PN
rae (n, x), (n, y), (n,2) —yrasl, cocTaBleHHble HOpPMAJbIO H CO-
OTBETCTBYIOIHMH OCSIMH KOOpJMHAT.
IMoncraBum B HHterpan (12) BoipaxkeHue BekTopoB @ (M)
M 1 dYepe3 HX NMPOEKLHH, MOJYYHM MOTOK B CHCTEME JeKapTOBbIX
KOOpIHHAT

Q= f f (an)yd s = {fla, cos (n/,\x) + aycos (n/,\y) +

N
+a,cos(n,2)1doa. (13)
Hcnonb3ysi paBeHcTBa, U3BECTHbIC M3 aHa/ju3a *,

~ )
d o cos (n, x) = dydz,

dacos (n/,\y) = dxdz, (14)

N
dacos(n, 2) = dxdy,

* H C. MuckyHoB. OuddepeHunaabHoe n HHTErpadbHOE HCUHC/IEHHA.
M, 1962, cTp. 664.
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rae dydz, dxdz, dxdy — npoeKunu miowaaku do Ha COOTBETCT-
BYIOLI[He KOOPAHHATHble MJIOCKOCTH, MOTOK BEKTOPAa MOXKHO 3alH-
caTh U B TAaKOM BHJE:

Q = {{la, dydz + a,dxdz + a, dxdy). (15)

Haun6onbwinit HHTEpec npeacTaB/sieT TOT cayuyal, Korga mno-
BEPXHOCTb 0 3aMKHYTa H OTpPaHHYHBaeT HeKoTophlii o6beM V.
Torpa 3a nanpaB/ieHHe BeKTOpa 72 6epyT Hanpap/eHHe BHELIHEH
HOpMaJIH.

B cayuae, ecnin BekTop @ (M) sBisleTcs CKOpOCTBIO KHAKO-
CTH, TO BeJqHYHHA NMOTOKa Q, BBIYHCJEHHAs [/ 3aMKHYTOH IO-
BEPXHOCTH, AAeT PAa3HOCTb MeXAYy KHIKOCTbIO, BHITEKAWOLIeH H3
paHHoro o6veMa M mocrtynaiouieii B Hero. Ecau Q =0, 10 370
O3HayaeT, YTO KOJHUYECTBO BTEKAaIOLEHd H KOJHYECTBO BHITEKAIO-
el JKHIKOCTH M3 06beMa, OrpaHHYEHHOTO MOBEPXHOCTEIO O,
onuHakoBbl. Korma Q>0, TO XHAKOCTH BHITeKaeT G6oJblle, 4eM
BT€KaeT. 10 OGCTOATENbCTBO YKa3blBaeT Ha TO, yTO B JaHHOM
o6beme V CyIecTBYIOT HCTOYHHKH (MecTa, rae »KHIKOCTb BO3-
Hukaer). OTtpuuartesbHblii motok (Q<0) ykasbiBaeT Ha TO, 4TO
B o6be)Me IIMEITCS CTOKH (XKHIKOCTb HCUe3aer).

PaccMOTpHM, Kak NMpaKTHYECKH OMNpenensiTcs 3HAueHHsI BeK-
TOpa HopMaau M.

[TycTh noOBepXHOCTb ¢ 3aJlaHa ypaBHEHHEM

2=[(x,y).
Hanpapasiomue KOCHHYCH HOPMaJH AJsi 3TOH NMOBEPXHOCTH BHI-
paxairca dpopMyaaMu

of
cos(n,/\x)= —a—: =
VT )
_ 9
(7, 9) = % :
cos(n, Y Vl+(%)z+(g—yf)2
cos(r;,\z)=

Vi)

TOrla €[HHHYHBIK BEKTOpP HOpPMaJu omnpeienurcs Gopmynoh

n= + _%t——%H-k (16)
VT



3Hak maoc OTBeyaeT OCTPOMY Yray, COCTaBJIEHHOMY HOp-
MaJbl0 M OCblIO 2, U COOTBETCTBYeT BbIOOPDY BepXHeH CTOPOHBI
NOBEPXHOCTH; 3HAK MHHYC — TYNOMY YrJy, COCTaBJEHHOMY HOp-
Majbl0 M OCbl0 2, H COOTBETCTBYeT BBIGOPY HHXKHEH CTOPOHBI
MOBEPXHOCTH.

Ecau nosepxHocTh ¢ 3ajana ypaBHeHHeM

F(M)=F(x, y, 2) =0,
TO rpagHeHT ¢yHkumn F(M) HampaBieH nmo HOpMalM K MOBepX-

HocTH F(M) B Touke M M eIMHHYHBIA BEKTOP HOpPMaJ/H MOXKHO
3anucarhb

oF oF oF
S grad F(M) Wl-l-wj-'-_gz—k 17
n——lgradF(MH——V OF \2 oF 2 oF \2 (17)
(5) + (&) + ()

npuyem 3HaK nepej APO6GbIO NOJNXKeH GbITb TAaKHM, YTOOBI TMOJY-
YHTb BEKTOP M Ha BbIGpAaHHOH CTOPOHE NMOBEPXHOCTH.

Moxer oka3aTbcsi, UTO MOBEPXHOCTb COCTOHT H3 HECKOJbKHX
yacTeil, TOria BEKTOD HOpPMaJH 712 BBIYHUCJIASIETCS /51 KaxJA0MH
YacTH OTAEJNbHO, a 3HAK onpegensieTcsi 3ajaHHeM OAHOI H3 CTO-
POH BceH COCTaBHOMH MOBEPXHOCTH.

Ipumep 1. B HekoTOPOH# TOUKE MPOCTpPAaHCTBA HAXOJLHTCH 3JIEK-
TPHUYECKHH TOJIOXKHTENbHbIH 3apsf ¢, CO3JaI0IUI B OKpYXKaloLLel

ero OJIHOPOAHOH cpele BEKTOP-
HOe T10Jie, TaK UYTO B Kaxuo#
TOUKE NpPOCTPAHCTBA oOmNpenes-
etcsa Bekrop F. ITo 3akony Ky-
JIOHA
F + k = r°
rae r—paccrosmue paccMmarpH-
BaeMOH TOYKH OT Hayaja Koop-
IHHAT, r° -—— eIMHHUYHBI BEKTOD,
HanpaB/eHHblH 1O panHyc-Bek-
#TOpy [aHHOH TOUKH (pHC. 10),
k — noCTOSIHHBIE ~ KO3(MPHUHEHT
(ausnekTpHUecKasi TNOCTOSHHAf).
OnpenenuTb NOTOK, BbIXOAALIHI
Puc. 10 Ha chephl pasnyca R.

Pewenune. Brouke M cdepbl 3meMEHT NOTOKA paBeH I R’
Tak Kak k 5 IOCTOSIHHO 1l BCell cdepHl, TO Bechb BHIXOASUIHA H3
chepnl nOTOK paBeH

55‘ (r'n)do = —; 55 (r'n)do.
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Ho (r°n) = 1 (ckansipHoe npou3BefieHHe efHHHYHBLIX KoJJIHHEeapHBIX
BEKTOpPOB), MO3TOMY

%“ do — 1’; c=—41:R2—4'tkq

Mpumep 2. BoiuncaHTL MOTOK BEKTOPHOro moas
a=(x—22)i+Bz—4x)j+ Bx+y)k
yepes BHEILLHIOK CTOPOHY NMOBEPXHOCTH MHPaMHIbl C BEpLINHAMH
A(1,0,0), B(0,1,0), 0(0,0,0,) uS(0,0, 1) (puc. 11).
Pewenne. [ToBEpPXHOCTb COCTOHT M3 YeThlpex NJOCKHX Tpe-

yronbHikoB: SAB, BOS, SOA, OAB. Tlotok uepe3 Bcio MOBepX-
HOCTb

Q={{(anydo+ [[(an)ydo + [[(@an)ds + ([ (an)ds.
ASAB ABOS ASOA AOAB

7 PaccMoTpHM Kaxablii HHTerpaJ B
OT/ebHOCTH.

1) Hanuwem ypaBHeHHe NIOCKOCTH
TpeyroabHuka ASB

n x y z—1
F 1 0 —1]|=0
01 —1

VMrak, ypaBHeHHe MJIOCKOCTH Tpe-
yroabHuka ASB

x+y+z—1=0. (18)
[Tpunumas
F(x,y,2)= x+y+z—1,

HalJeM eIHHHYHBI BEKTOP HOPMAJH K 3TOH IJIOCKOCTH mno ¢op-
myae (17)

Puc 1[I1

__gqradF  I4j+k
| qrad F | Vs

~ 1
3pech cos(n, 2) = ——= >0, uTO CoOTBeTCTBYeT BHEIIHeH To-

V3
BEPXHOCTH TMHPAMH/bI.
OnpeJie/ieHHe NOTOKA CBOTMTCA K BBIYMCJIEHHIO JBOHHOTO HHTEr-
pana no obnactu D, Jexauel B MIOCKOCTH XY,

Q= jjamdo= ([ —2—

Dyy | cos (n, 2) |

dxdy, (19)

2=z (x, y)

Tle MON 3HaKOM MHTerpa/na BMECTO 2z HYXHO TNOJCTABHTb BRIpaxe-
HHe, B3siToe u3 (18),
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(a'i S [(x —22) + (32 — 4x) +

| cos (n, 2) | V3
FEr Yl — =24yt
NG
U3 ypaBnenus mnockoctn ASB (18) Haxomum
2=1—x—y.
Toraa
tem. =24 y+(1—x—p) =x+1.
|cos (n, 2)| |z=z (x, )

Bosspamasice k (19), nonyunm
Q= 5‘5 @n) _|drdy = j(x—g—l dxdy =

|cos(n, 7| =20 b

Xy
X 1
=5(x+ 1) dx 5‘dy=j(1—x2)dx=-§-.
0 0 0

2) Tpeyronbuuk BOS neXHT B INIOCKOCTH Y 2, YpaBHEHHE KOTO-

poit x = 0. Bektopom HopManu 6yneT m = —I. 3pech
N
cos (n, x) = cos 180° = — |;
(an) _ - (x—22) — 2z
~ |—1]
|cos(n, x) | | ,—p =0
Q = (an do— S y @8 iydz = (| 22dyde.
0s
s |cos(n, x)l AB

Hnrerpupys cHauana no y, a 3ateM no 2z, HaijJeM

1 1—. 1
Q=2 adz[dy=2[z(1—2)dz =+
0 0 0

3) TpeyrombHuk SOA 7NeXHT B TNJIOCKOCTH XZ, YPaBHEHHE €ro

njockoctd y = 0. Buemnuit BekTOp HOpManH n = — j,
’cos(n yy=—1
(an) = =B gy 32
~ [—11
| cos (n, y) ]

1—x

jj(an)dc— j(4x—3z)dxdz—jdxj(4x—32)dz=-6—
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4) TpeyI‘OJ]bHHK OAB nexur B IJIOCKOCTH Xy, ypaBHeHHE €ro

naockoctd 2)= 0. Bektopom HopManu Gyzer n = — R,
7\
cos(n,2) = —1;
(@) | _ —Gx+y e .
~ =1 = %4

licosi(n. 2) | |2=o

1 1—x
(an)da = Sj —@0 gedy = — S dx S(5x+y)dy = 1.
0 0
B

|cos (1,2)|

ITotok yepe3 BCIO NMOBEPXHOCTb COCTABHT

Q=Qi+Q+Q+Q=21.

Ipumep 3. Hadit moTOK
BEKTOpHOro moass @ = 2i—
— xJ + 5zk uepes BepxHIOIO
CTOPOHY MOBEPXHOCTH Tpe-
yroabHuka ASB, monyueH-
HOTO  MOpH  MepeceyeHHH
naockoctH x+2y+3z2—6=
=0 ¢ KOOpAMHAaTHHIMH
njockoctaMu (puc. 12).

Pemenne. B Hamem
cayqae

F(x,y,2) =x -2y +

+3z2—6=0. ‘(20y
YpaeHenue (20) ogHO3HAyHO
pa3peLIHMO OTHOCHTENIbHO
KaX/0oi H3 nepeMeHHbIX.

ITorok BeKTOpHOTO mnoJsi MOXKeT OwhlTb BHIUHCJeH Mo ¢opMy-
ne (15). CnpoexkTHpyeM BeKTOp @ Ha TpH KOOpPAMHATHHIE INJIOCKOCTH,
MpHYeM 3HaK Mepeli KaXIbiM cjaraeMeiM B (15) BosbMeM TaKHM,

Puc 12

N\ N P
KakoB 3HaK cos(n, x), cos(n, Y), cos(n, Z) Ha MOBEPXHOCTH o (CM.
Gopmyay 13).
Pemast ypaBHeHue (20) OTHOCHTeNBHO KaXKAOA H3 NepeMeHHBIX,.
MOJyUHM
x =—(2y+ 32) +6, a,lx(y, 2), y, 2] =2,
y=— X + 3z

+3, a,lx,y(x,2), 21 = —x,
@1
z=_x_-';2y—+2) az[x)y’z(x)y)]=52= )

=5(_*+2% | o)|_—=5x+2)
_5( - -;2)_ 2 410,




HerpyaHo BMIeTb, uTO BHEIWIHAs HOPMadb K IJIOCKOCTH Tpe-
yronbHHka ABS cocTaB/isieT OCTpble YIVIBL C OCSMH KOOpIHHAT,
noaromy B dopmyne (15) dydz, dxdz, dxdy — nonoxuresbhble.
C yuetoM (20) 6ynem uMeThb

Q =D§y§ 2dydz —-Dg xdxdz +D£y5 [—- m + 10] dxdy =

z

wlu

6—3z 3 6—2y

3
=2§dzjdy—§dzjxdx——;—jdyj(5x+ 10y — 30) dx =
0 0 0 0 0 0

=6—12 4 30 == 24.

Pewenne 3afay Ha BbluHC/JeHHe NMOTOKa BeKTOpa yepe3 3aMK-
HYTYI0 MOBEpPXHOCTb 3HauyMTeqbHO Yynpomaercs (cM. § 5), ecan
BOCNOJIb30BaThcst ¢opMysoii OcTporpaackoro *, H3BecTHOH H3
TeOPHH KPaTHBIX MHTErpaJioB, ocyllecTB/soLIell npeo6pa3oBaHue
HHTEerpaja no 3aMKHYTOH NMOBEPXHOCTH B HHTerpan mno o6nemy,
OTPaHHYEHHOMY 3TOH NMOBEPXHOCTBIO:

[f [P cos (n/,\x) + Qcos (n:\y) ~+ R cos (n/,\z)] do=

_cce{9P , 9Q , AR
(S + 5+ ) av.

X

§ 6. JlnsepreHumus

Kak ykasbiBasiocb B npeabiaylieM naparpade, NMoTOK BeKTO-
pa B OJHHUX CJy4asix MOXeT ObITb MOJOXKHTENbHBIM, B IPYTHX OT-
pHUaTeJbHBIM. ByneM paccmarpuBaTh BeKTOpHOe moJsie KakK moJie
TeKyue# xuakoctu. Torpa, eciu NOTOK OTpHUATe/bHbIH, TO BHYT-
pH BblaesieHHOro o6beMa HMeeTcsl CTOK (OTPHUATeNbHbIH HCTOY-
HHK). OIHaKO B OHOM H TOM Xe 06beMe MOXKeET OblTb HECKOJIbKO
HCTOYHHUKOB H CTOKOB, H, CJelOBaTeJbHO, CyMMapHOe 3HaueHHe
MOTOKAa 33aBHCHT OT MOLIHOCTH Ka)JOT0 M3 HHUX, TAe Mod MOIL-
HOCTbIO HCTOYHHKA MOHHUMaeTCsi KOJHYECTBO XKHAKOCTH, BbITeKaio-
el HAM BTeKawllel B paccMaTpuBaeMbli 006beM B eIHHHLY
BpeMeHH. Ecan, HanpuMep, MOTOK paBeH HYJIO, TO B JaHHOM 06b-
eMe JH60 HeT HH MCTOYHHKOB, HH CTOKOB, JHO60 MOLIHOCTH HX
paBHBl 1 B3aUMHO KOMIEHCHDPYIOTCH.

B cBsI3U ¢ 3THM [J11 XapaKTePUCTHKH MOTOKA BEKTOPHOTO MOJs
BBOJHUTCS MOHSATHe MJOTHOCTH HCTOYHHKa. PaccMOTpUM BeKTopHoe

*M. B. Octporpaackuit (1801—1861) — Buinaromufics pycckuit
MaTeMaTHK H MeXaHHK.
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noje @ (M). IlycTb B 3TOM noJie HeKOTOpHii Manblit 06beM AV,
OrpaHUYeHHBIH 3aMKHYTOH NMOBEPXHOCTHIO O, COJepKHT TOYKY M.
BbluHCAHM MOTOK BEKTOpPA yepe3 MOBEPXHOCTb ¢ H BO3bMEM OTHO-
IIeHHe 3TOro NoToKa K 06beMy AV. Bbipaxenue

s} @ ae

MOXKHO pacCMaTpHBaTh KaK CpPelHIOI MJOTHOCTb HCTOYHIIKA B
o6beMe AV, npuxoasiuylocst Ha eIHHHLY o6beMa.

Ilepexoas K mpenpeny, korna o6beM AV crsaruBaercss B TOUKY,
MOJIyYHM TUIOTHOCTb MCTOYHHKA B JaHHON TOYKe, KOTOpas HA3hl-
BaeTcst Ousepeeryueld (pacxogHMOCTbIO) BekTopa @ U 060O3Ha-
yaercs

{jlam)ds {fands

. . a : g

dive ALHPM iV All‘ET:M v (22)
N3 dopmyanl (22) caenyer, uto div @ He 3aBhcuT (HHBapilaHT-
Ha) OT BHIGOpa cHcTeMbl KOOpaHHAT. [lMBepreHuuss BEKTOPHOTO
noJsisi — cKaJsipHasi BeJIHuMHA. Bbiuncienue ee no dopmyne (22)
HeyJ06HO, U Ha NMpaKTHKe OGBLIYHO IOJb3YIOTCA KOOpAHHATHON
dopmoH.

ITo dopmyne Ocrporpanckoro B 1eKapToBoil cHcTeMe KOOpaH-
HaT * MOTOK BEKTOpa @ MOXHO MpeICTaBHTb B BHIE

(fa.d o = ([ (a,dydz 4 a,dxdz + a,dxdy) =
' 0 0. 0
= jtff (ai: + aiyy + %) dxdydz. (23)
ITo Teopeme o cpegHeM 3HauUeHHH

5‘05' ads= ( 3‘:“' + ?y" + a;z’ )M1 v,

OTKyJa

4
5} and:l _ (aax aay + aaz) .
—\ ox oy 0z /M,
Ecau o6aacts V craruBaercs K Touke M, To M; — M, u B npegene
NoJNy4YHM

day da,
dy + oz ° (24)

di da,
va = — +

* OnpefienieHHe AUBEpreHUMH M APYTHX XapaKTEPHCTHK BEKTOPHOTO M CKa-
JSIPHOrO Mojell B KPHBOJMHEHHHLIX KOOpAMHATaX Mbi onyckaeM. HHrepecyio-
LMXCH 3THM BonpocoM ortcenaeM k kimre b. M. Byaxaxk, C. B. ®o-
MU H. KparHule nHTerpann u pagsl. M., 1965.
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ITocnennee paseHcTBo mo3pojsier popmyny Ocrporpanckoro (23)
3anHcaTh B BeKTOPHOH ¢dopme

{fa,do={f(anyds = {,U diva - dV, (25)

T. €. TIOTOK BeKTOpa @ yepe3 3aMKHYTYIO TNOBEPXHOCTb O paBeH
TPOAHOMY HHTErpaJ/y oT JHWBepreHUHH Mo 06./1acTH, OrPaHHYEHHOH
3TOH MOBEPXHOCTHIO.

3ameTuM, yto ¢opmyaa Ocrporpanckoro (25) cnpasennusa,
€CJIH NPOeKUHH BeKTOpPa @ HAa KOODJHHAaTHble OCH H HX mepBble
NIPOM3BOJIHbIe HEMpephIBHBI BO BceX TOYKax obGnactu V.

OTMeTHM TpPH CBOWCTBAa gHBepreHIU HH, 06JIeryaroumx
Ha NpPaKTHKe ee BBIUHC/IEHIIE.

1. div(a@ + b) = diva + div b.
2. div(¢p @) = ¢diva + (a@grad ¢),

rae ¢=¢(x, y, 2) — cKajsapHas QyHKUUs.
JeficTBIITENBHO,

. a a a da, d
div(p@) = 5; (pa) + 5 (pa) + 57 (va) = ¢ 5 +a. 50 +

day d¢ da, ¢ Oay day da,
+ogta gt Tag =5ttt

de de d¢ )
+ (o 55+, 55+ a0, GF)
BoipaxeHne B mocjeHHX CKOGKaX ecTb CKa/lsipHOe NMPOH3BejeHHe
BeKTOpoB @ H grad ¢, nostomy

div (¢ @) = ¢ diva + (agrad ¢).
3. div(c ¢) = (cgrad o),
rie ¢ — NOCTOSIHHbIA BEKTOP.

div (e ) = 5 € 9) + 55 (€,9) + 3 (€, 9) =

[7} J4 d9
=c, =+ cy—gy"— + ¢, 5> = (cgrad o).

[TpaBas yacTb nocnenHero paBeHCTBA ecTb CKa/lsipHoe NMpoU3Bele-
HHe BeKTopa ¢ M rpanueHTa QYHKUUH @. .
BekropHble mnoJs, y KoTopblx Bo Bcex Toukax diva =0, He
MMeIOT UCTOUYHMKOB M Ha3bIBAIOTCS COAEHOUOAAbHbIMU HJII TPYO-
yareemu. HasBanne «TpyGuaThlii» o6yc/10BJIeHO TeM, UTO B coJe-
HOMJA/JbHOM I10J1€ BEKTODHble JMHUH HUTJle He HauWHAIOTCS U He
KOHUAIOTCsl, OHH MOTYT YXOAHTb B GeCKOHeYHOCTb, GbITb 3aMKHY-
THIMH HJIH HMeTb HAua/Jo W KOHell y rpaHuu moas. IlpHMepamu
TaKHX ToJsiefl’ SBJSIOTCS: Hanpsi)KeHHOCTb MAarHUTHOro MoJs, co-
3[1aBaeMOro 3JIeKTPHUECKHM TOKOM, TeKylLIUM IO 6ecxonequg
LJIMHHOMY TNIPSIMOJIMHEHHOMY NPoBoAY; NoJe JIHHEAHbIX CKOpOCTeH
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KHIKOCTH, BpallawLieics BOKPYT KaKoH-HHGyab OcH, H Ap. Bek-
TOPHblE JIMHHH TAKHX MOJieHl — 3aMKHYyThble KpUBbIe (OKPYXKHOCTH).

Il;ia cosieHOMa/IbHOTO MO/ MOTOK Bektopa @ (M) uepes Jio-
6oe momepeyHoe ceuyeHHe BEKTOPHOil TPy6KH HMeeT OfHY H Ty Xe
BeTMuHHY. B camoM nesne, BosbMeM BekTophyio TPyOKy (pHc. 13)
Il IpoBelleM B Hell 1Ba ceyeHHs, 0603HAUUB HX yepesd g; U 0. Pac-
CMOTPHM 3aMKHYTYIO MOBEPXHOCTb TPYGKH, 3aK/MIOYEHHYIO MEXIY
ceueHussMH. O6o3Hauas uepe3 V o6beM, mexauwmuii BHYTPH IO-
BEPXHOCTH O (0 = 01 + 02 + O6ox), MpuMenum ¢opmyay Octpo-

7, TPpaackoro (25)

62 é"ja,,da:jé:jdivadv.
Ho no yﬁnoamo diva =0, caeno-
BaTeJIbHO,
“ a,ds =0
HJIH, 4TO TO e caMoe,
A, {fads+ |fado+ [fa,do=0.
Puc. 13 o % %ok

Ha 6okoBoii moBepxHOCTH BEKTOPHOH TPyOKH an = 0, TaK Kak
BeKTOp @ (M) Hanpas/eH 1o KacaTe/bHOH B MI060H TOUKe MOBepx-
HocTH. Ha moBepXHOCTAX 0| H 0z HanpabJeHHs BHEIIHHX HOPMa-
Jleil TMPOTUBOMOJIOXKHBI; H3MEHUB HanpaB/leHHe Yy OJHOH H3 HHX,
NOJIyYHM, 4TO MOTOK M3MEHHT 3HAK M TOrna

j’j a,do={ 5 adoa. (26)
% ]

IToTok BekTOpa @ yepe3 NOBEPXHOCTb O MOXHO pacCMarTpHBaTh
KaK YHCJO BEKTOPHHIX JIHHHI, MepeceKalollHX 3TY TMOBEPXHOCTb.
ITostoMy, o6pamasick K paBeHcTBY (26), MOXKHO cKa3aTh, YTO ye-
pe3 ceyeHHe oy B0J1b BEKTOPHOH TPYOKH 4HC/I0 BEKTOPHBIX JIMHUA
He MeHsieTcsl, OTKy[la M BBITEKaeT, yTO B COJIEHOHNAJbHOM IoJe
BEKTOPHBIE JIMHHH HUTZle He MOTYT HH HAQuHHAThCsl, HH KOHYaTbCH.

Mpumep 1. BoiuucauTh AUBEPTreHUHIO NOJAA pafHyC-BeKTopa 7,
rae

r=uxi+yj+ zk.
Pemwenmne.
. 9x oy , 0z _
dlvr—W+ -67-'-—62—'— .
Mpumep 2. HafiTh ausepreHuHI0 MOJs JHHEHHBIX CKOpoCTeH

9=—oyl+oxj
XHIKOCTH, Bpallawolefics BOKPYT OCH 2.
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Peweniue.

g __0(—wy) d(wx) dy ox
dlvv— 9% + ay —~(DW +0)a—y =0.
Mpumep 3. Bouncaurs div ﬁ, rie r — pajHyC-BeKTOp.
Pewenne.
d. —-'—.—=dV "—‘t—l.-*——y_#’_—-i =-—a— _—x——
Y l (Vx’ﬂ/’+zz w\Verara) T

-}-i — Y _]__'_3_ -z ):

6y( Vx2+y=+zz) az(;/m

2(x*+y2+2%) 2 _2
X

VATatar  wtetat

Mpumep 4. BoiuHCAHTL NOTOK paaMyc-BeKTOpa uepe3 J106yio
3aMKHYTYIO OBEPXHOCTb.
Pewenue. ITonb3ysacy ¢popmynoit Octporpaickoro, HaiineM:

[ rads = jff divraV =3[{{aV = 3V.

Mpumep 5. Boiuncaute notox Bektopa @ = xyi -+ yzj + xzk
yepe3 rpaHully YactH wapa x% -+ y? - 22 =1, Haxopsulefics B nep-
BOM OKTaHTe.

Pewenue. BocnonbsyeMcs onpenesienteM nuBepreHuuu (24)
H popmyaoit OcTporpaackoro:

v — 0y 9 (42) 0(x2) _
dlva—- ox + ay + 02 _y+z+xv

Q =H(¢m)dc =_mdivadV = j;,”'(x + y + 2)dxdydz.
A i

ITepeiinem K cepuueckHM KOOpMIH-

HataM (puc. 14) z
X = rsing cos®,
Yy = rsing sin®,
2 = rcosg, M4 r.6)
dV =r?sing drd ¢ d 8. s
B Hawem cayyae g / Y

0<i< =, 0<o<Z

x = 2 ’ x (P X 2 ’
O<r<i ? Puc. 14
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n/2 n/
Q= 5d9jsmcpdcp §r3[cos<p—i—sch(snlO-{-cosB)]dr: 3—6

Mpumep 6. BoIYHCAHTD NMOTOK BEKTOPHOrO MoJis
a=(x—22)i+@Bz—4x)j+ (5x +y)k

yepe3 BHELIHIOI CTOPOHY MOBEPXHOCTH NMUPaMHABLI C BepLIHHAMH
B Toukax 0O(0, 0, 0), A(1, 0, 0), B(O, 1, 0), C(0, 0, 1).

Pemwenue. [J0BONBHO TpPOMO3JKOE pelleHHe 3TOH 3ajauH
naHo B npuMepe 2 § 4. OHo 3HauMTeNbHO ynpoulaercsi, €CJIH BOC-
nosb3oBathes popmyJoir OcTporpanckoro:
a(x 22) + 6(326;-4x) + 0(5x+ Y) —1,

Q = j”dlvadV = “"j‘dV = V,
v 1%

rae V—o6beMm nupamuant AOBC, paBHBIE TNPOMU3BEAEHHIO MJIO-
a1 OCHOBAaHHs Ha TPeThb BLICOTHL:

diva =

1 1 1
V= = 5 1 = -
CaenoBaTeqbHo,
1
Q=7 .
Npumep 7. C noMoubio dopMyas ‘OcTporpaCcKOro BEIYHCIHTD
2 MOTOK BEKTOPHOTO MOJs
a=2i—yj+ 2k
M(yrz) yepe3 3aMKHYTYIO TNOBEpPXHOCTb
9—z=x*+y* (0<z<K9).
Pemenne.
z . d
2 diva = I (QX) +
r I [7} 7}
y 'I‘a—y(—y)-i"g(z):z—
X —14+1=2
Puc 15
Q= 5&5 divadV =2 j“ dv. 27
V

[MoBepxHoCTh NpeacTaBasier co60i 4acTb Napabosionaa BpaLIEHUS,
OTceueHHYI0 myockocTbio 2z = 0. [lepeiineM K UHIHHIPHYECKHM
KoopauHatam (puc. 15)

X =rcosg, Yy =rsing, z=2z2,
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rie 0 <o <2r, 0<r<3, 0<2<9. Bolpakenue Ans sseMeHTa
oneMa dV = rd ¢ drdz noacraeum B (27)

Q=2f"d(pfdzfrdr=2ﬂ.9.9= 162-.
0 0 0

Mpumep 8. C nomoubio GopMyasl OcTporpaickoro HaiTH mo-
TOK BEKTOPHOTO MOJs
a=2xi+2yj+ (z—x)k
yepe3 IMJIHHIPHYECKYIO MOBEPXHOCTh X3 4 y? = 4, OrpaHUYEHHYIO

NJIOCKOCTAMH
z=0, x+y+z+1=0.

Pewenue. Haitnem
. a , d a
dlva=—$(2x)—:—7y-—(2y)—|——5z—(z—x)=5.

[MepeiineM K LHJIHHAPHYECKHM KOODAHHATaM

X = rcosg,
y = rsing,
z=2z
djeMmeHT o6beMa
dV = rdr dg dz.

Q=([jdivady =5]ifdV;

2 — (1+rcos qa+rsln ¢) 2r 2

—5jdq:frdrfdz =—5§ dcpf(r—{—r’cos',o-}-r’smcp)dr—
re r3 . 2
= 5ofd<p[—2— + = (cos ¢ + sin ¢) ]o=

2 8 .
=—5§ [2-{— T(COScp-i-smrp)]d(p =—20m.

[MonyueHHoe OTpHUaTe/bHOe 3HaueHHe Q = —20m yKa3blBaeT Ha
HaJuyHe B paccMaTPHBaeMOM OGbeMe OTPHUUATENLHOTO HCTOU-
HHKa.

§ 7. JIHHEAHBIA HMHTErpana M UMPKYJASLHSA

Ilycte BeKTOpHOE MOJIe 33/laHO BEKTOpoM & {a,, a,, a,}. Bosbmem
B 3TOM MoOJie HEKOTOpYIO KpHBYI0 L, coepuHsiomyio ToukH M;, M,,
U pasobbeM ee pafiMyc-BeKTopaMH r, (i=1, 2, ..., n) Ha 3jeMeH-
TapHele YYacTKH A r; = ry+1—r, (puc. 16). CocTasum Teriepb CyMMy
CKaJIIDHbIX MpOH3BeJIeHHA BEKTOpOB @ U Ar;:

3 (@,Ar).
=1
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[MepefineM K npeaeny npu n—»oo, CUHTas, 4TO AJHHA HaubOJb-
wero yyactka Ar;~—0. IlonyueHHBbIl npenes, ecJH OH CyILecT-
BYeT, Ha3blBaeTCs AUHEUHLIM UHTE2PAAOM 8eKTopa @ 8004b Kpu-
sod L n o6o3Hauaercs

lim 3 (@,8r) = [(adn, @9

i —0i=1
rae dr = dxi + dyj 4 dzk.
B nekapToBbIX KOOpaHHATax
{(adr) = [a,dx + a,dy + a,dz.(29)
L L

JIHHeMHBbIN HHTErpas ecThb BeJH-
YHHA CKaJsipHasi.

Ecnu Touka nepemeraercs no KpuBoH L noj pefcTBHeM CHJIBL @,
NPOEKUHH KOTOPOH Ha OCH KOOPAHMHAT PaBHBI Ay, Ay, Q;, TO HHTE-
rpan (29) Beipaxkaer coboét paGoTy, cCOBepLIEHHYIO 3TOH CHJIOM.
Hns BEKTOPHbIX MOJIeH HHOM NMPHPOLBI 3TOT umerpan HUMeeT, KO-
HeuyHo, ApYroil (pH3HYeCKHH CMBICI.

JInHe#iHbIH HHTerpaj o6sagaer OGLIYHBIMH caoncmamn KpH-
BOJMIHHeHHBIX HMHTerpaoB. Ero Be/qMYHHa 3aBHCHT KaK OT KpH-
BOii L, TaK I OT KOHEYHOH M Hauya/JbHOH TOYEK HHTErpHPOBaHIIfA.
[1pn n3MeHeHHH HampaB/eHUs HHTErPHPOBAHHUsI HHTErpaa MeHsieT
3HaK.

JluHeiiHblil nHTerpan (29) Moxert GbIThb 3amHcaH U B APYroi
dopme.

3aMeTHM BHauajle, YTO eC/M 7 — PaAHyC-BeKTOp TOYKH r (X, Y, 2},
npHHaanexauel KpuBoii L, To auddepeHunan ero

dr =d (xi+ yj + zk) = dxi -+ dyj + dzk .

Puc 16

H MOJyJb

ldr| =V dx® + dy* + dz2.
C npyro#t ctopoHbl, AudpdepeHuuan ayru kpuBolt dL, Kak H3-

BeCTHO, onpefeasiercsi Qopmynoi dL =)/ dx* + dy* + dz2. Takum
o6pa3oM, HMeeM:

|dr| =dL.

Tenepp 0603HayuM Yepe3 @, NpOEKUHIO BeKTOpa @ Ha Kacate/b-
HYIO K KpHBOH B HanpaBneHHH oOxopa, mnoayuuMm (adr) =a,dL,
M Torja JIMHeAHbIl MHTerpai

{ladr) = jl:a,dL. (30)
L



BbluHc/eHHe JHHEHHOrO WHTErpaja HUuYeM- He OTJHYaercs OT
BBIUHC/IEHHsS] KPHBOJHHEHHbIX WHTErpaJjioB. YpaBHeHHe KPHBOi L
(KOHTYpa HHTErpHPOBAHHSI) OGBIYHO BBIPAXKalOT Yepe3 KaKOMH-HH-
6yab napameTp, H TOrAa BblYHC/JEHHE JIHHEHHOI'O HHTerpaja CBO-
JAHTCS K BBIYHCJEHHIO ONpeeieHHOro HHTerpasna.

Ecnu kpuBas L 3aMKHyTasi, TO JIHHeHHbIH HHTErpaJ/ Ha3blBaeT-
cs yupkyaayued C BekTOpa @ BnoJb KpHBoi L u o6Go3Hauaercs
OIHUM W3 MHTErpaJoB:

C = § (adr), (31)
L
C=$a,dx+a,dy+ a,dz, (32)
L
C=¢,adl. (33)
L

NMpumep 1. Haiitn auHeliHbI# HHTErpas BeKTOpa
a = x3%—y3j
BJOJIb NEpPBOH YeTBepTH OKPYMXHOCTH r = Rcost i 4 Rsinf j.

Pemwmenune. Ha okpyxHoctd x = Rcost, y = Rsint u Toraa
BeKTOp @ 3anuuercs @ = R3cost i — R3sin3f j. Haiinem

dr =(—Rsinti+ Rcost j)dt.
CkansipHoe nmpou3BejieHHe
(@ dr) = (— R%os® sinf — R%sin%t cos {)dt = — —;—- Risin 2¢ dt.

3a HanpaBieHHe 06XoJa NpHMeM HamnpaBJ/eHHe, NPOTHBOMOJOXKHOe
BpALLEHHIO YacoBOH CTpesKH; mnapamerp ! OyJeT MeHATbCs B npefe-

T
Jax or 0 mo -

/g

1 . 1
J(adr) = —7R4i5 sin2tdt = — R4,

Mpumep 2. BuluncanTb JMHHeHHbIH HHTErpaj BEKTOPHOro MoMis
a=xi+yj+x+y—1k
BOAb OTpe3Ka npsMoit L ot Touku A (1, 1, 1) no Touku B (2, 3,4).
Peuwewnune. Coraacio popmyae (29),
(2.3, 4)
{a.dx + ady + a,dz = | xdx + ydy + (x + y— 1) dz. (*)
L (i
CocTtaBHM ypaBHeHHe npsiMolt AB:

x—1  y—1 z—1

1 - 2 3



M3 nocsiennero ypaBHEHHsl BRIDA3HM X U Z yepe3 y:

=y, _3, 1 4y =3
xr=F+ g Z=F Y= dx = 5 dz = 2dy.

.TMoacrasuM B (*) 1 NPOMHTErpUpyeM MO Y:

f(‘g‘ﬁ“—;‘)‘;—yﬂdw (4 +5+y—1)2dy=
1

3
=-;—-'f(7y—1)dy=l3.

Mpumep 3. Buiuncautb nuupkyasuuio C paguyc-BeKTopa BAOJb
0JHOI0 BUTKa AB BHHTOBOH JIMHUH

X =acost,
Yy = asint,
z = bt,
rae A 1 B — TouKH, COOTBETCTBYIOIHE 3HAayeHHIO MapaMeTpa
t = 0, to = 2n.
PemeHue.
r=xi+yj+zk,
dx = —asintdt, dy = acostdt, dz = bdt,

2x
C = [(rdr) = [ (—a’sint cost + a’sint cost + b*) dt = 22 b2
L 0

Mpumep 4. HafiTu uuprynsuuio BEKTOPHOrO MoJs
a=yit+zj+xk

BJIO/Ib 3aMKHYTOr0 KOHTYpa, MONYYEHHOTo OT mepeceyeHns: chepbl
x2+y?+22=R? KOOpAHHATHBIMH IIOCKOCTSIMM B NEPBOM OKTaH-
Te (puc. 17).

Pemenue. Boluncaum uup-
KyJSUHI0 BOMb JUHHH AB:

z=0, dz=0,
Torza
a=yl+ xk,
r=xi+y/.
dr="dxi+dyj.

CkansipHoe mpoH3BeJeHHe

(@adr) = ydx.
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Us ypasuenus aunun AB x4 y® = R? nafigeM y =) R*— x%.
HepemeHHaﬂ X n3MeHnsiercss B npenenax ot R no 0. Hrak,

= \ VR —xtdx = [%arcsm — VR—x ] = 34&’.

Jlerko nopcuMTaTh, YTO 3HAYEHHS! JIHHEHHBIX HHTerpasioB BlOJb BC
u CA 6ynyT TakuMH e, Kak M mo koHtypy AB. Takum o6pasoM,

UMPKYJISIHST MO 3aMKHYTOMy KoHtypy ABCA paBHa — 3n4R’ :

§ 8. Buxpb BEKTOPHOro noas

PaccMOTPHM NOBEPXHOCTb G, OTPaHHYEHHYI0 3aMKHYTHIM KOH-
typom L. ITo u3BectHoit ¢opMyne Crokca * (ycraHaBiuBawllel
CBSI3b MEXKJAY HHTErpajioM MO IOBEPXHOCTH H KPHBOJHHEHHBIM
MHTErpaJjioM Mo FPaHHLE 3TOi MOBEPXHOCTH) UHPKYJALHIO BeK-
TOpa @ BAOJb 3TOTO KOHTYypa BLIPAa3HM uepe3 MOBEPXHOCTHBII
HHTerpasn:

oday

&adx—l—ady-i—adz—”[(aaz 5 )cos(n x) 4+

+(67?~ %0: )cos(ny)—{-(aay—‘;ay)cos(n z)]dc, (34)

N Pa P
rae cos(n, x), cos(n, y), cos(n, z) — HanNpaB/ISIOUHE KOCHHYCHI HOP-
MaJ¥ 7 K MOBEPXHOCTH d.
BekTop, NpOEKUHAMH KOTOPOTrO SIBJISIOTCH

"Oa, day,  Oay Oa,  Oday day

9y  0z' 9z  ox' ox oy’
Ha3biBaeTCs B8UXPeM WIH poTOpom ** BeKTOpHOro noJjs M 0603Ha-
yaercs

da, day Oa, Oa, ( day 0a, )
rota = (W——az—)‘ + (‘aT—a—x)H w5 — o)k (49
aTOT BEKTOp 4acCTO 3alHChIBAETCA B BHAE CHMBOJIHYECKOTO OHpe-
AeJIuTeNna

i J k
a9 8 a
rote =| 3¢ 3y @
a, a, a,

* . Crtokc (1819—1903) — aurnufickufi GH3HK H MaTeMaTHK.
** rotation (aHra.) — BpauueHHe,
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a a4 o
3aecb aHdepeHIHabHEIE ONepaLHH B 3y o7 NPUMEHSIOTCA K

¢ynkumuaM a,, a,, a, (HanpuMmep, —(%— a,= % u T. A.). Onpejenurenb

pacKpbIBaeTCs MO 3/1€MEHTaM NepBOH CTPOKH.
Jast nnockoro noJist BUXPb BeKTOpa @ == a,i -} a,j 1MeeT BHJ

da, aa,,)
rota = (T — 'a—y' k.

[Tone3ysice onpeneneHiiem po-
Topa, ¢opmyny CTokca MOKHO 3a-
nHcaTh B BEKTOpPHOH ¢opme

éa,dL = [[(mrota)do=

Puc. 18 = |[rot,ada, (36)

rae rot, @ —npoekuus poropa BeKTOpa @ Ha HOpManib n K MO-
BepxHOcTH o (pHc. 18); o6xon BaOAL KOHTypa L cosepliaercs
NPOTHB YacCOBOH CTPEeJKH.

®opmyny CrToKca MOXHO BHIPA3UThb CJOBaMH: LHPKYJIALHS
BEKTOPHOrO NoJisi @ BAOJb 3aMKHYTOro KOHTypa L paBHa NMOTOKY
BHXPAl 3TOTO NOJIsi Yyepe3 MOBEPXHOCTb, OFPAHHYEHHYIO YKa3aHHBIM
KOHTYPOM.

Tak Kak BekTop rot@ B o6uem cayuyae B Kaxaoii TOuke npo-
CTPaHCTBA HMeeT Pa3JHUHOe 3HAueHHe, TO BHXPb BEKTOPHOro MoJjs
o6pa3yeT HOBOe BEKTOpHOe moJie. BeKTopHble JIHHHH mOJsi BUXpeii
Ha3bIBAIOTCH BUXPEBbIMU AUHUAMU.

Ecau B BekTOpHOM noJe Bcoay rot@ = 0, To Takoe no.e Ha-
3pIBaeTcs 6e38uxpesvim W NOTEHYUAAbHBIM.

®dopmyna (36) no3BoasieT onpeaeSHTb POTOP BHE CBA3IlI C Bhi-
60poM KoopaHHaTHHIX oceil. IlycTb # ecThb HeKoTopoe HampaBJe-
Hlle, NTpOXOAsllee yepe3 TOYKY M NOBepXHOCTH, H AJ — 3.71eMeH-
TapHasa MJolajika MOBepXHOCTH ¢ (B CHJY MaJOCTH €e MOXHO
CUHTATh NJOCKOH), NMPOXOAfllasi yepe3 3Ty TOYKY HOPMaJbHO

a K n (puc. 19).

[Tpumenum K 371o0il maowanke
¢opmyay (36) u Bocno/b3yeMcs
TeopeMoOil 0 cpefHeM

fadL = {[rot,ada=rot,a|, As
A L As !
OTKyZna
| adL
AL
rot,@| y, = —5—

Puc. 19
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rae AL — KOHTYp, OorpaHuuyHBaloOLHil njowaaky Ao, a M, — He-
KoTOpasa Touka Ha mjowanke Ac. [lepexoass K npepeny, Koraa
KOHTYD AL cTAruBaeTcsi B TOUKY, MOJYUHM

( a,dL

rot,a = lim ~t—. 37)
saL-M 89
Mg, cnefoBaTenbHO, OMpefeNMM MPOEKUMIO BeKTopa rot@ Ha
MPOH3BOJIBHYIO OCb, 8 3HAYHT, H caM BeKTOp, 6e3 CChIJIKH Ha Ka-
KYy0-1H60 NpeaBapHTe/bHO BbIGPaHHYI0 KOOPAHHATHYIO CHCTEMY.
[NosicuuM Ha npumepe ¢u3uye-
CKHl cMeica poropa. Paccmorpum z
noJie CKOPOCTEH, CO3JaBaeMoe BEK-
TopoM @ {—owy,0 x, 0}, rae o—
yTJI0Basi CKOPOCTb BPaLLCHHS YaCTHIL

rotd =2wk
BOKpyr ocH z (puc. 20). Porop amew
3TOr0 BEKTOPHOrO TMoJisi onpefe-
JIMM M3 CHMBOJIHYECKOTO Ornpeje- a
JIHTENS —y
i Jj &k
ta g 22 20k. T
rota=| 37 37 3z | =20vk.
Ox 0y 0z Puc. 20
—oyox 0

Kak BuauM, rot @ HanpaB/ieH Mo OCH 2, a MO BeJHYHHE PaBeH y[BO-
€HHOMYy BEKTOpY YIJIOBOM CKOpocTH o. PH3HYeCKH 3TO O3Hayaer,
YTO KaXKJas 4acTHUA >XKHAKOCTH YYacCTBYeT B CJIOXXHOM JIBHXKEHHH:
B MTHOBEHHOM TEPEHOCHOM CO CKOpOCTBIO ¥ {— oy, wx, 0} H MrHo-
BEHHOM BpalaTe/IbHOM C MOCTOSIHHOM YIJIOBOH CKOpOCTBIO 2w. A Tak
KaK JHHeHHble CKOPOCTH B KaXKIOH TOYKe MOJIS pa3iH4Hbl, TO BCE
nosie Kak Gbl 3aNOJIHEHO GECKOHEYHO MasbiIMH 3aBHXDEHHSIMH, YeM H
oObsACHsIeTC Ha3BaHHe «BHXPbY.

Ecnu nose ckopocTeit cospmaercss NOCTOSIHHBIM BEKTOpOM @,
TO B 3TOM cayuyae rot@ = 0 u 3aBuxpenus 6yAyT OTCYTCTBOBATh.
CnenoBaTenbHO, HEPABEHCTBO HYJIO POTOpPa yKasbiBaeT Ha Ha-
JiHuHe B roJie CKOpPOCTel «BpallaTebHO# KOMMOHEHTHI».

PaccmotpuM cBoficTBa BHXD A.

1. rot ¢ =0, rge ¢ — NoCTOSIHHBI BEKTOP.
CBOMCTBO JIETKO YCTaHaBJHBAETCsl, €CJH PaCKPBHITH CHMBOJIH-
yecKHi onpeneJiiTe./b
i J k

9 9 9
rotc =| 3¢ 3y a |

Ce ¢ €,



2. div (rot @) = 0.

JeficTBHTENBHO, NYCTh ®© = rot@, TOTAa NpoeKUHH BEKTOPa

da, da, da, oa, day da,

=3y Tz YT ez "ok 2T & T oy
Haiinem uacTHHe nNpoH3BOAHLIE
0wy 0%, d%a, OJdo, 0%, 0%,
dx _ 0x0y  0xoz' o0y _ O0yoz  0xoy’
0w, 0%, 0%y
0z 0x0z  Oyoz’
CkJajpiBasi paBble H JIEBHIE YacTH, MOJIYUHM
Ooy dwy do,
ox 3y %z =0

HJIH
dive = div (rot @) = 0.

Orciofia caiefyer, YTo BHXPEBOE MOJIE SIBJISETCS COJIEHOHMJAJIbHBIM.
3. rot(a 4- &) =rota + rot b.

B camom pene, mycthb
a=ai+aj+ak, b=bd-+b,j+0bk,

TOoraa
a+ b= (ax+ bv)i+ (ay+ by)j+(az+bz)k
9(az + b,) O(ay+by) ], 0 (ax+ by)
rot (@ + b)=[ % ——% ]""[_—az —
2(a;+ by) ] d(a,+b)  0(ax+by
— ox J+ [ dx _ oy ]k =
da, day ob, b, da, da;
=(Ty'—'7)i+(ay T 7oz )i+( dz  ox )j+
b, b\, [0a,  da ob, by ) _
+<6_z_6_x) (6::-6_1/ )k+(ax_ dy k=
=rota + rot b.

4. rot (v @) = ¢ rota + I[grad ¢ al.

3neck ¢ = ¢ (x, y, 2) — cKansapHas yHKLUS.
HanumeM npoekuuio rot (¢ a) Ha oCh X

7} o
rOtx(CPa):‘W((Paz) 02 ((Pay)_cp az +a, ay -

g, o o[ 2 ﬁ_ak_
—f % Y T\ T e a: 3y y 0z

= ¢rot,a + [grade al..
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Urak,

rot, (¢ @) = ¢ rot,@ + [grad ¢ al,.
AHaJjioruuso

rot, (¢ @) = ¢rot,a 4 [grad¢ al,,
rot, (p @) = g rot,a 4 [grad ¢ al,.

YMHOXas TOC/IelHHe TPH PaBEHCTBA COOTBETCTBEHHO Ha optHl I, J
H kB u cknajpBasi HX, noayuum (*).

5. div[ab] = (b rot a) — (a rot b).
HeiicTBuTeNBHO,

div [ad] = - lab], + -2 (ab], + -2~ lab], =
7} i} 7}
= ox (a bz - azby) + w (asz - axbz) + 0z (axby - aybx) =
oa, day day da, day Oay
=b ( _—)+by(7_W)+bz(7_Ty')—

dy 0z
db;  aby by b, b,  Oby

ax(___)_ay(T_W) (ax _W)=

= (brot @) — (a rot b).

dy 0z
Mpumep 1. Haiith rot(ra@), rae @ — nocrosHHLIH BeKTOp H
=V +y+2
PemeHnue. 3anueM cHMBoO/IHYECKHH onpejesnTes A4 rot (ra).

i J k
) d )
rot (ra) = T > - =

a,Vx+ g+ 2 ayl/x2+ v+ 2 o Vit it 2
(o, VPP P) — 5 (a VP P 22)] i—

(@, VFTFT2) — L (0, VT 7T 2))i +

+ a,‘( VIEF P+ 2) — 5 (0, VP T z*)]k=
=+1(a,y—ayz>t—(azx—axz)1+(ayx— ) ] =T
Mpumep 2. Hafitu rotlar], rae @ — noctosHHLI BekTOp H
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Pemennue.

i J k
d 9 9
rot [ar] = ox oy oz =

za, —ya, xa,— za, ya,— xa,
F) ) ) a
== [W ya, — xa,) — 5 (xa, — za,,)] i— [W (ya,— xay) —

d d J
"oz (Zay - yaz)]j + [W (xaz - za.r) - W (zay - yaz)] k=2a.
Npumep 3. Haiitn notok Buxps noJss BekTopa

a=yil+z2J+xk

yepe3 MOBePXHOCTb mapabosonna BpauweHus z = 2(1 — x2 — y?),
OTCEUeHHYI0 MJIocKocTbio 2 = 0 (puc. 21).
Pewenne. Ilo popmyne Crokca

[frot,@ado = {axdx +a,dy + a,dz = {ydx + 2dy + xdz.

Ho Ha koHtype L 2 =0 u dz = 0. CiiepoBareJibHO,
Z, [frot,ad o = { ydx.
L

D
-]

ITepeiinemM K no/isipHeIM KOOpAMHa-
Tam

Xx=cos ¢, y=sin ¢,
dx= —sin ¢@dg,

[[rot,@do = [ydx =
o L

2
= — |sinede = —r.
0

Puc. 21

Npumep 4. Mycts @ = yi+ 2j+ xk. HaiiTu Buxpb BeKTOpHO-
ro noJas
yi+2j+xk_
TR
Pewmweunne. Ilonoxus —:— =, HaiineM rot (¢ @) no CBOHCTBY 4.
Tak kak

a —
7

k
gradcp _—-_._rl’.gradr—_-_l_ ._xi_+.liiz__ =.__f_,

r2 r r3
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i j k

U P X R
TO
rot(p@) =g rota 4 lgradp @] = — LHELEE
ik
| —Fm —E —E = —Lutit - Sy -
y 2 x
ey — 2+ (2 — ) Rl = — - [(x* + 2+ xp) I+

+ @* 422 + 2y) j + (£* + 2° + x2) K.
NMpumep 5. HaitiTu uupKyas1Hi0 BEKTOPHOroO moJs
a =yl — x4 22k

no Koutypy ABCA (puc. 22), nonyyaeMoMy NpH nepeceyeHuH na-
pabononpa x2+2%2=1—y KOOPAHHATHBHIMH MJOCKOCTSIMH.

Pemwenue. Yacro uupkyasiuuio C BEKTOPHOro mosisi yao6HO
HaXOMMTL C MOMOILBIO onpeneneHus poropa (no ¢opmyne Crok-
ca, 3aNUCcaHHOH B BEKTOPHOH opme).

OnpenenuM eXHHHYHBI BEKTOP HOpPMaJH K 3TOH MOBEPXHOCTH
no ¢opmyne

n— grad F
" lgrad F |’
rae
F=x*4+y+22— 1.

Tonyuum
_ 2l + ]+ 22k
Vit + T+ 422

Orciona

Puc 22

22
Vi £ 1+ 422
i J k

0 d o0
rota =| 37 W | =—20+y)k.

yz N x2 22

N
cos (n, 2) = >0, 2>0,
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ITo ¢opmyse Croxca LHMPKYJIALHSA
(rot an)

C=[[(rotanm)do = f dxdy.

Ho o %" leos (M 2)| [,mz (x, )

gy,

| cos (n, 2) |
HO3TOMY

I f—xt 41
C=—2([(x+y)drdy=—2[dx[(x+y)dy=— -5
D 0 0

xy
Mpumep 6. Haiitu (no dopmyne Crokca) UHPKYJALMIO BEKTOP-
HOro noJsist :

a = — )i+ (2 — )] + (P —2)k

x2+y2+22=4’}
x4yt =22,

Pemenune. Kourypom nurerpupopanuss L OyJeT OKpPYXHOCTb
x*4 y? =2, z=y'2, noayueHHas OT nepeceueHus cepbl x* -+ y:-4
+ 22 =4 ¥ KoHyca x%+ y? =22

Mo KOHTYpPY

Onpepennm
i J k
a d d
rota=| 35 I Pz | =2yi+ 2z + 2xk.

22— x2 xz_yz y’—zz

3a Hopmanmb 7 npHMeM eNUHHYHBbIA BEKTOp kR, HanpaBJeHHHIA no
ocu 2, T. e. n=k. Torga

[f (rotam)d o = [{ 2xdxdy,

] ny
rae D,, — npoekuus Kpyra x* - y*> < 2, z=)'2" Ha IUIOCKOCTb Xy.

[Tepexoas K monsipHbIM KOOpAMHATaM, HaiijeM
Ve

2n
C=2fcos<pdcpj'pzdp=0.
0 6

§ 9. Oneparop amuabToHa*

Juddepenunanshble onepauly — rpafHeHT, AHBEpreHLHs, POTOp
yIOGHO MpeACTaBIsATb NMPH NMOMOLIM CHMBOJIHYECKOTrO BeKTOpa — ome-
patopa I'amunbToHa </ (Habua)

. 0 0 7}
V=igrtig Tk
*Y TamuabtoH (1805—1865) — aHrauiicKuii MaTeMaTHK H MeXaHHK.
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Cam BekTOp ¥ He HMeeT peasbHOTO CMbicsia, HO, JAefCTBYSl Ha CKa-
JISIpHYI0 (DYHKUHIO HJIH BEKTOp, OH NMPHOOpeTaeT BNOMHE OnpeeseH-
Hblfi cMbics. Tak, Hampumep,

0 a a T .0 0 d

(va)=(t5-+74 + kL) (o, + ja, + ka) =

da, 0day oa, .
= ax' + % + —; = div a.
i j k
0 9 9 . [ 0a; 0a, da, day
(Val=|%3 3 2 ='<_¢3—y‘—7)—j<7_ﬁ)+
a, a, a

X

y z

day da,
+k(a—x—— Em )=r0ta.

Ilpn peficTBHsAX ¢ omepaTopoM «HaGna» CleAyeT PYKOBOACTBOBAaTh-
Csl NPaBHJAaMH BeKTOpHOH asnreOpel H mnpaBHsiaMH AH¢depeHuHpoBa-
uusi. Hanpumep,

rot(@+ b)) =vx(@+ b)=<axb=rota -4 rotb.

C nomoupio onepaTopa «HaGna» MOXHO 3anHCHIBaTh Au¢depeHHanb-
Hble onepallMH BTOPOro mopsiika. PaccMOTpHM YacTo BCTpevaroluecs
TPH H3 HHX.

. 7] 0 92
1) dlv(gradcp)=V(V(9)=V”‘?=(a:z + a;= + 5z )<P=

02 0
= Asg.

. 0% 029
= Toxt + dy? +
CuMBOJ

Vi=A= ot g;z + 4
HasblBaeTcsi onepamopom Jlanaaca* (nannacHaHoM).
" 2) div (rota) = v [V al.
Ilo cBo#CTBY CMelIaHHOrO NPOH3BeleHHS NEpPECTaBHM BEKTOPHI
vival=alv vi=0,
TaK KaK MBI HMeeM JiBa OJMHaKOBhIX BekTopa. Mrak,
div (rota) = V[V a]l = 0.
3) rot (grad¢) = Y X(V¢) =9 [V V]=0.
3nech CKajslp ¢ BHIHECEH 33 3HAK BEKTOPHOTO MPOHM3BEJEHHSI.
*I1. Janmac (1749—1827) — dpaHiy3cKHit MaTeMaTHK H GU3HK.
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T'aasa 111 -

Paagn ®ypbe. Hurerpan Pypoe

TpuroHoMeTpHyeckHe psasl Pypbe, 0 KOTOPBIX NMOHIET peyb
B HACTOAILLEN TJlaBe, HaXOAAT IUHPOKOe MpHUMeHeHHe He TOJIbKO
B pas3JjIHUHBIX 06/1aCcTAX MaTeMaTHKH H TeOpeTHUecKOoi (PH3HKH, HO
M B TeXHHUKe, HanpuMep MNPH HCCIEJOBAHHH CHCTEMbl aBTOMATH-
yeckoro peryJHpOBaHHs, pelleHHH YpaBHeHHH audoysul, n3y-
YeHHH Pa3JIHYHBIX KOJie6aTesJbHBIX CHCTEM H MHOTHX JPYrHX BO-
NPOCOB NMPHKJIAJHOH MaTeMaTHKH — BCIOY, I'lle MPHUXOAHUTCS CTall-
KHBAaTbCs C NEPHOLHYECKHMH NPOLECCAMH, a CAMH SIBJIeHHSI MOXKHO
ONMHCaThb NMEePHOLHYECKHUMH QYHKLHSAMH. ‘

§ 1. Nepnoanyeckne GyHKUHH

®yukuus f(x) Ha3piBaeTCcs nepuodudeckou, ecJu CyllecTBYeT Ta-
koe nocrosinHoe T (T = 0), uTo AJs J106OrO X, B3ATOrO H3 06JacCTH
ee onpeje/eHHs, HMeeT MeCTO PaBeHCTBO

f(x+T) =f(x). (1

Yucao T naseiBaetcsi nepuodom oyHkunu f(x). Uueno, Kpat-
Hoe T, 6yJeT Takxe sIBJIATbCS NepHOAOM (QYHKLHH, T. €.

f(x +nT) =f(x) (n— uenoe),

B YeM JIerko y6eaHThCsl, ec/lH NPUMEHHTb n pa3 ycjosue (1).

HamocTpanieit nepuogHYHOCTH ABJIEHHIT MOXET CJYXHTb, Ha-
npuMep, Kose6aHue MaTeMaTHYECKOro MasiTHHKA, HEOTPAHUUEHHO
NOBTOPSIIOLIEr0 CBOM [BHXEHHS; MOPCKHE MNPHJIHMBBE H OTJIUBHI,
NpoHcXoJslliHe yepe3 OnpefesieHHble HHTEpPBAJbl BPEMEHH, H T. A.

[eoMerpuueckn nepuognuyHocTb ¢GyHKUHH f(x) O3Hauaer, uTo
OpAHHATBI ABYX MPOH3BOJIBHHIX TOYeK ¢ abCcuUHCCAMM, OT/IHYAlO-
IIMMHCA Ha BEJHYMHY, KpaTHYio nepuony T, paBHbI Mexay co6oii
(puc. 23).

OTMeTHM OfHO Ba)KHOE CBOKCTBO TMEPHOAHYECKOHN (YHKILIL
Huterpan or Hee no mepHOAY He 3aBHCHT OT MOJIOXKEHHSI HHTep-
BaJa MHTErpHpoOBaHus; HHauye roBops, ecau f(x + T)= f(x), To
HHTErpas

X -
X

T T
f(2)dz = [f(2) dz @
0

H, c/e10BaTe/IbHO, He 3aBHCHT OT X (cM. puc. 23). ITpu stom npen-
nosaraercs, uro ¢dyHkuus f(x) Ha uHTepBaJe, paBHOM nepuony T,
HenpepniBHaA.
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JleficTBUTeNBHO, MO npaBuay auddepeHUIPOBAHHA CJIOXKHOM
¢QYHKUHH H CBOACTBY NPOM3BOAHON OnpeneseHHOro HHTerpaJsa no
BepXHEMY H HHXXHeMY npefejaM 3anuuem:

Yy

0 X T x0T 21 xe2r % X

Puc 23 Puc 24

Tz—'=f(x-!-T)d—(x£_ﬂ—f(x)j—i=f(x+T)—f(x)=0.

U3 %— =0 cneayer, uto [ =C, T. e. OT X HE 3aBHCHT.

§ 2. F'apMoHHKH

IMpocTefiweil nepuoanyeckoit (QyHKUHEH SABJSAETCH CHHYCOH-
JlajibHasi, 4acTO Ha3blBaeMasi nPOCTOU 2apMOHUKOU,

y = Asin(ox + ¢o), (3)

rae A, © 11 go— noctosiunble. [lepHon 3Toit PyHKUHH paBeH = 2"

B YeM JierKo yOeHTbCs:
Y =Asin[w(x-|— l:—) + %] = Asin[(wx + ¢g) + 2] =

= Asin(ox 4 ¢,).

Cunyconnanbias ¢yHKuns (3) onHcbiBaeT rapMOHHYeCKHe
Kosie6aHisi, KOTopble BO3HHKAIOT B CHJTY CaMBIX Pa3HOOGpa3HbiX
NPHYHH. Hanpumep, TOoYKa M c Maccoit m gBIXKeTCs NPSAMOJIHHeIl-
HO NOA [eiicTBHeM CHJIbl NpHTAXKeHHs F K HenoaBHXHOI Touke O
(puc. 24). JlonycTuM, yTo MOAy/b cHabl F mponopiiHoHaJsieH pac-
cTosiHHIO TOuKH M oT ueurpa, T. e. F=—kx. Toraa no BTOpomy
3aKoHy HbloToHa nmeem

&
mT:T- —kx
HJIH
G+ ot =0, )
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3
rge o003HaYeHO w? = - PemerineM audxpepenuHabHOrO  ypaBHe-
Hust (4) GOyner oyHkuMsa x = Asin(of 4 ¢,), B u4eM MOXHO yGe-
IMTLCS, €CM ee MOACTAaBMTb B ypaBHeHHe (4). Benuuynna A — Hau-
Gosbiiee  OTKJIOHeHHe TOYKH M oT O — HasbiBaeTcsi amnaumyood
KoneGaHusi (pa3max KoJsieGaHHsi), apryMeHT (wf - ¢,) HasblBaeTcs
¢asoil KoneGaHMsi, rhe o — KpPyroBas 4aCToTa H ¢, — HayasbHas
1

¢asa. BennynHa, obpaTHass nepHomy v =—F = 2—°;,Hasuaae'rc:ﬂ uac-
momoil; OHa NOKa3blBaeT, CKOJbKO pa3 JaHHOE NepHOLHYecKoe siBJe-
HHe TIOBTOpsieTCsl 3a €JHHHIY BPEMEHH.

CuHycoHzaaJibHyl0 QYHKUHIO (3) 4acTO NpeAcCTaBJ/SAIOT B BHAE

acosw x + bsino x. (5)
Bocnosnb3ayeMcs H3BecTHOH ¢(OpMYJIOH TPHFOHOMETPHH
A sin(ox + @o) = A cosqo sinw x + A sing cosw x.
BBozns o603HaueHus
a=A sin gy, b=A cos ¢y, (6)
NOJyYHM:
A sin(ox + @o) = acosw x + b sino x. (7)

s nepexoma ot npaBoil yacTH paBeHcTBa (7) K JeBOH gocTa-
TOYHO HAlTH aMIJINTYAy A ¥ HauaJbHylo a3y go. M3 (6)

A=V a@F b3 ¢,=arctg —Z—.

3ameTnM, uTo eciu B rapMoHukKe y = Asin(ox + o) NOJOKHTH
A=10=1, g =0, To nonyunm dyHkuuio y = sin x, rpadpukom
KOTOpO# sBJseTcd OGblYHas CHHyCOMAa.

I'paduk rapMoHHKH (3) MOXHO NOJY4YHTb nyTeM aedopMaLHH
OOGBbIYHOM CHHYCOHMJBl B HampaBJieHHH oced KOOpPAHHAT M napal-
JleJIbHBIM CABHIOM BOJb OCH X. [IpakTHueckM mocTpoeHHe rpa-
¢uka ¢yHkuun y = Asin(wx + Qo) NPOBOAUTCH CJAEAYIOIMM
o6pa3oM.

1. CtpoAT rpaduK CHHYCOHAH ¥ = sin X.

2. OpanHaTel ToueK rpadMKa CHHYcOMAbl YBEeJHUMBAIOT B
A pas, He uaMeHss aGcuucc. Ilpu stom, ecin A<0, To opaHHATHL
H3MEHAIOTCS He TOJIbKO Nno abCco/OTHOM BeJIMUMHE, HO H N0 3HAKY.

3. IlpousBoxuTcs paBHOMepHOe CXKaTHE MO OCH X B ® pas3, ec/H
1
© > 1, H pacTsKeHue B — pa3, ecJH o < 1.

4. ToukH rpaPuka CHBHraloTCH Ha ——> Bfiob OCH aGcumcc.

ITosyyeHHble TOYKH COELMHSIOT MJIABHOH KpHBOi.
Ha puc. 25 mnokasano nocrpoenne rpaduka OYHKUMH y ==

= 2sin2 (x —-%)-
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ITpocThle rapMOHHKH MOXHO CKJIaJBIBaTh, H TOT@ Pe3YJ/bTH-
pylouei OKa)eTcs NMpocTas HJH cJ0XHas rapMoHuka. Ecau co-
CTaBJISAIOIHEe TAPMOHHKH HMelOT OJMHAKOBYIO YacTOTY, TO H CyM-
Ma HX—TapMOHHKAa C TOH e YacTOTOH H TEM Xe IepPHOAOM,

Y\
y=Sinx
ﬂli| rli/x
|
g INAY T
{IE/\EII—J"/?Z.Z
NN Ly
|
AINGIING
/NN
LN YN
| |

y=sin2(x- {4 )

y=2sin 2(z- )
Puc. 25

T. e. npocTasi rapMonnka. Hao6opor, cknagbiBasi rapMOHHKH pas-
HBIX YaCTOT, MOJIYYHM CYLIECTBEHHO HOBYIO NepHOAHYECKYI0 QYHK-
LMI0 — CJIOXKHYIO FapMOHHKY.

IMycTb Tpe6GyeTcs CIOXKHTb TPH FapPMOHHKH:

y = Assin(wix + 1) + Assin(wax + @2) + Assin(wsx + ¢3), (8)
KPYroBble 4acTOTHl KOTOPHIX HAXOASATCH B TAKOM COOTHOLIEHHH:

w2 =20, H 03 = 30,

a WX NepHoAbl COOTBETCTBEHHO paBHbI T,%, —g— Cymma rapMo-

HHK — QYHKUMA C nepHofioM T, rpadMk ee 3HaUMTEJbHO OTJIHYAeTCH
oT rpaduka KaXJ0ro CJaraemoro.
Ha piic. 26 noka3aHo cjio)XeHHe TpeX rapMOHHK:

y =sinx+%sin2x—lTsin3x.

3aecb OpAHHATH KPHBHIX TPeX rapMOHHK CyMMHpYIOTcs ajare6pau-
YECKH.
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B BbipaxkeHun (8) KpyroBble YacCTOTbl TFapMOHHK SBJSIOTCSH
COM3MEPHMbIMH, T. €. HX OTHOLIEHHS PaBHbI 11eJJOMYy MJIH OTHOLLe-
"HIIO LeJbIX YHCeT:

Wy g Wy 2

e ) wg 3
Ecanu e KpyroBble 4acTOThl CK/aAblBaeMblX FapMOHHK OKaXyTcCs
HECOM3MEePHMbIMH, T. €. HX OTHOWIeHHe GyAeT YHMCJIOM HPPaALHO-
HaJIbHBIM, TO CyMMa rapMOHHK OyzeT Henepuoauueckoil GyHkuuei.

Y=Sinx + 2’51’/72.1: + 5 Sin3x
Y
Sinx
) ,{.S‘inz.r
N -
0

Puc. 26

§ 3. TpuronomeTpHYECKHe PAAbI

B npenbiaymem naparpade yka3biBaJgoch, YTO CyMMa NPOCTHIX
rapMOHHK, 4acTOThl KOTODbIX COH3MepHMbl,— HOBas mnepHojHye-
cKasi GyHKUHS, rpadHK KOTOPOH CYylleCTBEHHO OTJIHYEH OT rpadH-
KOB COCTaBJISIOIHX FapMOHHK.

Bo3nukaer ob6paTHas 3ajaua: MOXHO JIH 3aaHHYIO NepHo-
NHYecKyl0 QYHKUHIO NpPeACTaBHTb B BHAEe CYMMbl KOHEYHOrO MJIH
6ecKkoHeuHoro uucsaa rapmMonHuk? OKa3biBaeTcs, YTO LIHPOKHH
Knacc (QYHKUHMH MOXHO NpeacTaBHTb GeCcKOHEYHbIM TPHIOHOMeET-
pHUeCKHM psAOM BIlAa

f(x) = a, + (a,cos x -+ bysin x) + (a,cos 2x + b,sin 2x) -
+ ...+ (@,cosnx + b,sinnx) + ... )
Knacc @yHKunii, npeAcTaBUMbIX KOHEYHBIM YUCJOM FapMOHHK,

BecbMa orpaniyeH. Mpl noapoGHee OCTAaHOBHMCS Ha H3yuyeHHI
psana (9), KOTopblil NPHHSATO 3anMKCbIBaTh B CJAefyIOILeM BHIeE:

—029— + E (a,cos nx + b, sin nx).

n=1
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IMocTosuubie a,, b, (n =1, 2, ...) HasbiBalOTCA Ko3pduyuenmamu
pana. CeoboOnbild uren, KaK 3TO BBISICHHTCS H3 JaJibHeiiliero, yno6-

a
HO 3allHCBIBATh B BHJIE —5-.
YcTaHOBHM HECKOJIbKO BCNOMOTaTeNbHBIX (OPMyJ, KOTOpbie
HaM NoHajgo0sATCs NMpH onpegeneHUH KO3OGDHLUHEHTOB Gy H bn.

IMpu n 0

T

jcos nxdx = [ Si"n"x ]’t =0,

—_T

e

T

fsin nxdx = [_ c°;"" ] =0.

[}
—_T

Bocnonb3yeMcsi H3BeCTHBIMH (POpPMYJIaMH TPHTOHOMETPHH:

1
COS X COS NX = —5- [cos (m + n) x + cos (m — n) x],
sinmx sinnx = -—;—- [cos (m — n) x — cos (m + n) x],

sin mx cos nx = % [sin (m + n) x 4- sin (m — n) x].

Jlerko npoBepHTb, 4TO AJsi JIIOGHIX LeNbIX m H n (m  n) cnpasex-
JIHBO

( €OS mx cos nxdx= % j‘[cos (m—+n) x+cos (m—n) x1 dx =0,
—x —=

(11).

~\.sin mx sin nxdx = —;—,— ~Y[cos (m—n) x—cos (m+n) x]1dx=0;

AN MOOKIX LEJBIX M H n

- L

j.sin mx cos nxdx == ! [sin (m 4+ n) x + sin (m — n) xldx = 0, (12}

kA 2

g m=n

j'cos%xdx = —;— J[14-cos 2nxldx = % [x 4 5'_"2’2;”_"_]”_ — =

- o (13)
_:S:sinznxdx = %Jﬂ[] ——cos 2nx]dx = ;_[x — Sin;lnx ]_- = x. l

B § 1 6bi0 MOKa3aHO, YTO HHTerpasJl OT NEpHOAHYECKOH (yHK-
UHH NO NepHOJy He 3aBHCHT OT IOJIOXKeHHsI HHTepBaja HHTerpHpo-
BaHs. [Tostomy dopmysnt (10) — (13) 6yayT cnpaBelJIHBb He TOJIb-
KO A/l HHTepBaja (— =, ©), HO H AJs JIOGOrO HHTEpBaNa NJIHHBI 2.
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§ 4. Pagu ®ypve. Kospduunentn Pypne

Iycrs 3anana ¢yukums f(x) Ha HHTepBase (—n, =). [Ipeanona-
raeM, UTO Ha 3TOM HHTepBaje ee MOXKHO pa3/jOXHTb B paBHO-
MepHO cxonsIuics psaa

fx)= —022‘ + 2 (a,cos nx 4 b,sin nx), (14)
ne=l
KOTOPbIi MOXHO NOYJIEHHO HHTEI'PUPOBATh.
OTMeTHM TakXe cJefylomee CBOHCTBO (6e3 JOKa3aTeJbCTBa).

PaBHoMepHass CXOZMMOCTb psiia X u,(x) Ha uHTepBase (a, b) He
n=1

HapyIINTCS, €CJIH BCE €ro WIEHbl YMHOXHTb Ha (YHKUHIO ¢ (x), He-
TIpepLIBHYIO Ha 3TOM HHTepBaJie.

Hurerpupys npaByio u JeBylo yactu (14) B npemenax oT —=mx
JI0 7T, MOJNyYUM

T

_ff(x)dx’=_j“7°dx=xao. (15)

T

Orclona
] ©
aQ, = - Sf(X)dx.

HHTerpaabl OT OCTaJbHBIX 4JeHOB psga B cuay dopmya (10)
o6paTtaTcs B HYJb.

HOns oThicKaHus Ko3(pOHUHEHTa am, rae m—mo6oe 1enoe
N0J1I0XKHTeIbHOE UHC/o, 06e yacTh paBeHcTBa (14) yMHOXKHMM Ha
€0S MX M, YYUTHIBAs TOJBKO YTO OTMeYEHHOe CBOHCTBO, NPOHHTe-
rpupyeM B mpejenax OT —i A0 T

j‘f (x) cos mxdx = %X cos mxdx +- 2 (a, S os nx cos mxdx +
—n —_—n n=1

—x
T
+b, j‘ cos mx sin nxdx).
—_

Bce uHTerpasbl B npaBoH 4acTH, HCKJlOYash HHTErpaj mpH
Ko3bduuneHTe am, paBHBl Hymio B cuay ¢opmya (11) wu
{12). Hurerpan xe npn Koadduumente a,, corsacHo mnepsoii ¢op-
myne (13), paBeH =, T. e.

j'f (x) cos mxdx = a,, j‘cos’mxdx =%a,. (16)
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OTcrozia

a =IT f (x) cos mxdx.

m

Sy a

T

Ins oTeickanHs KosdduuHenTta b, YMHOKHM o6e 4YacTH paBeH-
ctBa (14) Ha sinmx B npoHHTerpHpyeM B mnpefejax OT — T JO T

j f (x)sinmxdx = %j sin mxdx +

-+ i (a, fcos nxsinmxdx 4+ b, fsin nx sin mxdx).

n=l —= —_—

Ha ocHoBanuu copmya (11) u (12) Bce craraeMble B MpaBoil YacTH
paBHbl HYJIIO, KpoMe HHTerpana mpd Kospduuuente b,. ITOT HHTe-
rpaJ, corjiacHo Bropo# dopmyse (13), paseH =

f f(x)sinmxdx =b, ftsin2 mxdx = b, «.
Orciona

by, = %—‘Y f (x) sin mxd x. (17y

Kosgduumentsl, onpenenesHvie mo ¢opmysaam (15) — (17), Ha-
3biBaloTCA Ko3ppuyuenramu Pypoe, a pan

= .
a '
Do Y (a, cos nx + b, sin nx)

=1

]

C TakuMH Ko3duLMeHTaMH HasbiBaeTcsi padom Pypee GyHKuHH f(x).

ITpu onpenenenun kospduuuentoB psga Pypbe Mb BOC-
MO/b30BAJIHCh TOY/JIEHHbBIM HHTErpHpOBaHHEM JIeBOH H INpaBoi
yacreit paBeHcTBa (14), HCXOAsi M3 NPEeANOJIOXKEHHS, YTO JaHHbBIH
psil PaBHOMEPHO CXOQHTCH.

Kakumyu cBoiicTBaMM 10JKHa 06sanath QyHKUHs f(x), 4TOGHI
NIOCTPOeHHbIH 1715 Hee psag Pypbe paBHOMEpPHO cxoauacs? Ilpex-
Jl€ YeM OTBETHTb Ha 3TOT BONPOC, JaHM HEKOTOpHie onpeeseHHs.

Onpenenenunel. Pynxkyua f(x) nasoeaerca 2a1adkol Ha
unrepsanre (a, b), ecau Ha ITOM UKTEPBALE OHA HENPepbLLEHA Bme-
cTe co ceoed nepgol npoussoo0Hoy.

Onpenenenune 2. Pynkyua HA3b618aETCA KYCOYHO2AAO0KOE
Ha untepsase (a, b), ecau ITOT unTEpBanr MOXHO pasbuTe na KO-
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HEYHOe HUCAO 4aCTu4HbLX unTepsanos (a, xi), (x, X2), ...,
(xn-1, b), na Kaxdom u3 koropeix pyunkyus f(x) — eradkas.

W3 omnpeneseHHss BbITEK3aeT, 4TO KYCOYHOrJaaKas (QyHKUHs
f(x) orpaHuueHa Ha HHTepBaJje (a, b) M MOXKeT HMeTb JIMLIb KO-
HeyHOoe YMCJIO TOUeK pa3pbiBa MepBOro poaa.

Y

f(x)

F%) oy
11 ™ /i
fxo0) VAR
f(Xp+0) L .

Y i y SN I S .

Puc 27 Puc. 28

HanomuuM, uto ans HenpepbiBHOM DyHKuHH f(x) B TOuke Xo
npenen cneBa lim f(xo—0), Korna x<xp, M npegen cnpasa
lim f(xo + 0), Korna x>x,, paBHb MeXay co6oi, T. e.

lim f (xg — 0) = lim f (xy 4 0).
XX x-xy

Ecan B Touke xo cyliecTByeT pa3phiB NepBOro poaa, TO Bell-

YHHa

8 = f(xo + 0) = f(x0 — 0)

Ha3biBaeTcsl cKaukom GyHKuuu f(x) B Touke xo (puc. 27).

IFpadukomM rnaaxoit GyHKUHH siBIsieTCSs KPHBas JIMHUA C He-
npepuiBHO Bpaularouleiics KacateJbHOH; rpadHK KycOYHOr/1anKo#
GYHKUHH COCTOHT M3 KOHEYHOro ulcJa rnagkux ayr (puc. 28).

Ccoopmynupyem Tenepb TeopeMy (6Ge3 qoKa3aTeabCTBa) O BO3-
MOXHOCTH pa3sioxeHnsi @yHkunu f(x) B psag Pypbe.

Teopema. Ecau ¢pynryus f(x) Kycounoeradkas na uHTep-
sase (—mx, m), TO ee pad Pypve cXO0UTCA K 3HAYEHUIO YHKYUU
80 8cex TOyKkax, 20e OHA HenpepuleHa; 8 TOYKAX pa3peléa PyHk-
yuu f(x) pad cxodurca k cpednemy apugmeruseckomy ee npe-
JdeabHblx 3Ha4enull caeea u cnpasa, T. €. K 3HAYEHUIO

f(xo—0)+ f(xo+0)
2 ’
2de xo — TO4Ka pa3pelea nepeozo poda; HA KOHYAX uKTepsaia
pPA0 cxo0uTca Takxce K cpeOHemy apupmerueckomy npedenbroLx
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3HA4eHUl QYHKYUU NPpU CTPEMAEHUU He3a8UCUMOL NnepemenHowl
K 3TUM 2PAHUYHBIM TOYKAM U3HYTPU UHTEpsara

[(==+0+F(=—0
5 .

Yci0BHS TeopeMbl OXBAaThIBAlOT IIHPOKHI KJaacc GYHKUM.
[Tpu pasnoxennu B psig Teitiopa TpeGoBasioch, 4TOGb Ha HHTED-
BaJle CXOAHMOCTH (PyHKuMsi Obljla He TOJBKO HempepbiBHA, HO 1
6ecKoHeuHoe yHcao pa3 auddepenunpyema. Hnas pasnokeHnus
¢yukunn B psag Pypbe sHb TpeGyercs, uTOGH (QYHKUHA H ee
nepBasi NPONU3BOJAHAs OblH HeNpepbIBHbIMH; B OT/J€JbHBIX TOYKAX
JaonycKaeTcsi pa3pbiB NepBOro ponaa.

Yca0BHS H3JI0XKEHHOIT Bbillle TEOPEMbl O Pa3JIOXKHMOCTH (PYHK-
uiu f(x) B psig Pypbe MOryT GbiTb HECKONIBKO HHBIMH. JlocTaTou-
HO, uTOObl yHKUMs f(X) ¢ mepHoaoM 2n Ha HHTepBale (—, m)
1iMeNa KOHeuHOe YHCJIO MaKCHMyMOB M MHHHMYMOB W Gblja He-
npepbIBHOM, HCKJlOYas, ObLITb MOXET, KOHeuHoe UYHCJIO0 TOouek
pa3pbiBa nepsoro poaa. B stom cayuae psag Pypbe cXoaHTCSH
K QyHKuun f(x) B KaXHoil TOYUKe HenpepbHIBHOCTH ¥ K CymMMme

f (x4 0) + f (xo — 0)
2

B Ka)X/l0i1 Touke pa3pbiBa (ycsnoBue Hdupuxije *).

§ 5. Pasnoxenune B pag Pypbe YeTHbIX H HeueTHbIX QYHKLHi

HanomuumM, uto ¢yHkuMs f(x) Ha3biBaeTcsi ¥eTHOU, eCaH AJs

BCeX 3HaueHHi X HMeeT MecTo f(—x) =f(x).
DyHKUHSA Ha3blBaeTCsi He4eTHOU, ecai [/ BceX X MMeeT Me-

e1o f(—x) = —f(x). '
I'paduk uyeTHoM GYHKUHH CHMMeTPHYEH OTHOCHTEJNBHO OCH
OpAHHAT; rpadIiK HeyeTHOl (PYHKUHH CHMMeTpHYEH OTHOCHTEJbHO
Hayasja KOOpAMHAT.
Ecni nHTerpupyemas Ha uHtepBase (—a, a) ¢yHKuus f(x)
yeTHas, TO

[Fegde = 20ff(x) dx;

ecau f(x) — HeueTHasi, TO

{fdx=o0.

* T Oupnxae (1805—1859) — n3aBecTHblii HeMEUKHH MaTeMaTHK.
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He#cTBUTENBHO,
{fdx = (Fd + [F ) dx.
Ilpu 3ameHe x 1:; —x h ’
_ff (x)dx = ff(_ %) dx.
Torna
_f F(x)dx =°f [F (%) + F(— 1)l dx. (18)
TakuM o6pa3oM, nuas uyetHoRt pyHKuuH f(x)
(Fode =2 (v dx,
IJIs HeYeTHOH B 0
(Fxdx —o0.

IMycts pasnaraemas B psag Pypbe dyHKuus f(x) uerHas, To-
raa npoussesieHHde f (x) sin mx — HeueTHass QyHKUHMA U HHTErpaJ,
B3ATHIH Ha HHTepBaJse (—m, ;) OT Takoll PYHKUUH, paBeH HYJIO.
Bce ko3pduumneHTH bm B pany Pypbe OKaxyTcs HyJsMH, a caM
psn 6yaeT cocToATb H3 OAHHX KOCHHYCOB:

"To + 2 a,,cos mx,

m=1
rue

= —i— j f (x) cos mxdx = —:- ;,S‘ f (x) cos mxdx

m=0,1,2, ...). (19)

[MpennonoxuM celuac, uro ¢yHKuus f(x) HeueTHas. B stom
cnyuae ¢yHKuus f(x)cos mx HeueTHas u Bce KO3)DHUUHEHTH am
pAna, BKJOuYas ap, o6pataATcs B HYJb.

Psan ®ypbe Gyner comepKarTb TOJIbKO CHHYCHI

% b, sinmx,
m=1
rae
= —]ﬂ— S (x) sinmxdx = —,2;- j‘f (x) sin mxdx. (20)
o 0



Kak nokasmBawr ¢opmyan (19) u (20), xo3dpduuuentm
dypbe MOXKHO BHUHC/ASATH, ecau QYHKuus f(x) 3agaHa Ha moJo-

BHHE nepuoxna.

§ 6. Mpumepnl Ha pasaoxenue dyHkuui B pag Pypoe

NMpumep 1. Hafitu pag Pypee pas  ¢yskunu f(x)=x
(—n <x<x). Fpaduk dyHKUMH c ee NepHOAHYECKHM NPOLOJIKe-

HHeM IIoKa3aH puc. 29.
PemeHnue. ODyHKuus
yIOBJIETBOPSET  YCJOBHSAM
Inpuxse — oHa HenpephiB-
Ha ¥ OrpaHHyeHa Ha 3ajaH-
HOM HHTepBaJie, a IOTOMY
JOMyCcKaeT pasjioXeHHe B
pan dypre. Tak Kak 3Ta
¢yHKuMsA HeyeTHas, TO PAX
dypbe O6yner comepxkaTb

=%

TOJIBKO CcHHychl. B camom nene

L4
1 1
ay = —n—.Yde ="

—_%

Y

Ins OTHICKAHHS Qm HCnoJb3yeM ¢opMyay (19), uxTerpan

BO3bMEM M0 YaCTAM

T
2
a, =— | xcosmxdx = — |x
m T T
0

ITo ¢opmyae (20)

©
b =2 xsinmxdx=—2— —
m ] L3
0

== +

2 cos mx sin mx
e 1 3
T m m

3anuuieM Tenepb pAL

sinmx
m

= (— 1yt

sin 3x

sinx sin 2x +

Py =2 |- — 0

X Cos mx

1
+ —m—S cos m,\:dx]0 =

g

0

— -%—S sin mxdx] = 0.

13

2 m=1,2,...).

m

o (AT ]

Psig cXORMTCH BO Bcex TOYKax, KpoMe ToueK pa3puiBa. B Tou-
Kax paspbiBa x= (2k+1)n (k=0, =1, £2, ...) 3HaueHHe QYHK-
IHH PaBHO cpefHeMy apudMeTHYECKOMY ee MNpejesioB cnpaBa M

CJIEBA, T. €. HYJIIO.

Mpumep 2. Haftu psan Pypre nas oyskuuu f(x)=|x|
(—= < x < x). I'paduk QyHKuun BMmecTe C ee MepHOAHYECKHM Ipo-
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JO/DKEHHeM Ha BCIO YHCJIOBYIO OCb C MEpHOAOM 2r MOKasaH Ha
puc. 30.

PeweHue. Tak Kak GyHKUMSA | x| ueTHasi, TO Bce KOpHUH-
€HTbl b, paBHbl Hy/0. ITo ¢opmyne (19) umeem:

T
a, = -’—f‘:-j‘xdx =m,
0

a, = —i— Yxcos mxdx.
0
Y
| | |
: ' | : ! i
AVARVALVEAVALVE
5% 4T 37 27 & 0| & 27 3T 47 57 z

Puc. 30

Hnrerpupys no uactsiM, HaxoauM

2 sin mx 1 (.. " 2 [xsinmx 1 "
am~_[x—’,,7“"‘7 smmxdx]o—7[ m +lecosmxo=

4
— 77 [IPH M HeyeTHoM,
0  npu m yerHOM.

® I —cosr
m 0 g

Cunie10BaTeJbHO,

o= 4( cosx cos 3x cos 5x cos (2m—1) x
f(x)—T_;‘( 12 + 32 + B2 +---+'(2T1_'T)T‘+---).

INonarasg x = 0, noayuum

T 4 1 1 1
°='2‘—?('+ '972‘+5_2+’7T+"')'
OTKyJa
72 1 1 1
s =l+tw+mwt+=+ -
HOJ'IylleHHblM PAAOM MOXKHO . BOCIIOJ1b30BATbCS AJ1S1 BbIYHCJIEHHSA CyMe
Mbl psja
14 1 1 1 E 1.
S = +¥+’3—2+7+?+~--= n?
n=1
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KOTOpbll-d npeacTaBHM B TakKOM BHJAE:

(1t gttt ) (gt =
DY ST

Torpa S = '—é-, T. e.

NMpumep 3. Pasnoxkuts B pan Dypbe ¢yukumuio f(x) =x
(0 < x < 2n). T'paguk PyHKUMH C ee NEpHOAHYECKHUM NpPOAO/IHKEHHEM
npeacTaBieH Ha puc. 31.

Yy
-4 2% 27 x
Puc 381

Pewenne. JlanHaa ¢yHKuus Ha HHTepBane (— %, ) 3aJaeTcs

AByMsi ¢opMyJiaMH:
x -+ 2= npu ——u<x<0
f)y=) , oo 0
pH <x

Ias BbluncneHus kosgpouuueHtoB Pypbe umepaa.n (—=, =), rne
¢yHKUMS 3ajaeTcsl AByMsi GOpMYJIaMH, 3aMEHHM OTPe3KOM JJIHHH 2w,
rle oHa 3ajaHa ¢opMyJoii f(x) = x, M, BOCMOJb30BABIUHCH CBOHCT-
BOM nepHoxuyeckod ¢yHkum# (cM. dopmyay (2) § 1), Haipem:
2=

= 2m,

1 2
ao=—gxdx-—;7

0

1 1 [xsinmx | 1 S
am—TExcosmxdx—T[Tfj cos mx 0—0,

2n
10 . 1 xcosmx , sinmx |2
b, = —\ xsinmxdx = — | — . —-_2
m T 3 m

m t m? o
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IMostoMy ana 0 < x < 2x

sin2x , sin3x sin mx + )

x=n-—2(sinx+ 3 + -tk

an
sinmx
=n—2 E—
m
m=1

W3 nonyueHHOro pa3JioMeHHS MOXeM [OJYYHTb CYMMy TpPHIOHO-
MeTpHYeCKoro psiia

E sinmx _ m—x (0 < x < 27).
m 2

m=1

B Toukax paspwiBa x =2xm(m =0, + 1, 4 2, ...) cymma psana
paBHa cpefHeMy apH(METHUECKOMY MNpefesbHBIX 3HayeHHH (GYHKUHMH
f(x) cnpaBa H cneBa, T. e. .

Npumep 4. Pasnoxuts B pal Pypoe dyHKuHIO
Yy

Puc. 32

— 1oy —r<x<0,
f(x)=[ lopy O0<x<aq,
Onmpr a<x<gm.
Pemenne. OyHxums ypoBieTBopsieT ycJoBHAM [lHpHxJe, a Ao~

TOMY MoXeT ObiThb pasjioxeHa B psg Pypre.
Onpepenum koadpduuuenTH Pypoe:

g =L (fdx = L[ [1-dx+ 1 dx+ f0.ax] =
p— 0 a

09
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T

T 0 a
= J—Yf(x)cosmxdx =—;It— [—j 1. cos mxdx 4 f 1-cosmxdx +
) )
+ fO - cos mxdx | = -% ['j_::os mxdx + _{acos mxdx] =
a 0

sinma |
m ’

=L [sm mx] = — [sm mx] -i— .

m
= %jf (x) sinmxdx = —I- [— jsin mxdx + fsin mxdx -+
0

+ f 0 - sinmxdx] = _111 [ | sinmxdx + jasin mxdx] =
a 0 0

= —% [cos mx]o—" —;‘%[cos mx]g =— %n[cos mr—2--cos ma| =

1 —cos ma
m

3 —cos ma
nm

L]
TNpU M YETHOM,

NpH M HeYyeTHOM.
TToatomy

a 1 1 | sina 3—cosa .
f(X)=2—u—7+?[ 1 Cosx+—l—51nx+

sin 2a cos 2a sin 3a

+ = cos 2x 4 ]—_—2——sm2x+

cos 3x -+
+wsin3x+ .. ]

Psif cXONMTCA B TOUKAX HENMpepbIBHOCTH QYHKUMH. B Toukax pas-

pbiBa CyMMa psila paBHa Hymio npu x =0 W paBHa 5 AAA 3HA-

YEeHHH X = a.
NMpumep 5. Ha#itu psg dypve ans dyHruun f(x)=5x + 2
(—n <x<n).
Pemenne. Pyuxkuus ymosieTBopsier ycaoBusiM Jupuxie,
.a MOTOMY MO¥eT ObiTh pasjoxeHa B psag ®ypbe. Haitnem Kosd-
¢uuyeHTH psga:
L=+

o, =—1“§(5x+ 2)dx=%[
a, = —;X (5x + 2) cos mxdx = [5": 2 Sin mx— —j‘sm mxdx] =

-

_ [5x+2
—~1:_- e

sin mx - —cosmx] =0.
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ITonyueHHOe paBeHCTBO am = 0 MOXHO 6bIIO NPeABIAETH H 3a-
aHee, TakK Kak QYHKUHA f(x) = 5x 4+ 2 oT7HUaeTcs OT HEYETHOH
1(X) =5x TONbKO MOCTOAHHBIM C/laraeMblM, KOTOPOE YBealluHBaeT

COOTBETCTBYIOLIHE OPANHATH HA JBe €AHHHLbI.

m= %jh (5x + 2)sinmxdx = é [— 5x'+2 cos mx +
5 . ¥ cos nm 10
+ 5 sin ’""]_f — 00— =2 (=™
Hrak,
~ _ m l .
fxy=2+ 102—('—”)1+—smmx.
B Toukax paspeiBa cymMma psina pasHa uHcay 2.
Yy
\ !

|

\ /!
ST 4T 321 7 O 27 7 47 57 %

Puc. 33

Mpumep 6. Paznoxuts pynkumio f(x) = x? (—a<x<mn) B psax
dypbe. dyHKuHs Bclony HempepoiBHas. Ee rpaduk ¢ mepuoanye-
CKHM MpojoJKeHHeM H306paxeH Ha puc. 33.

Pewenne. Pynxuus f(x) ueTHas, a notoMy Ko3QdiiliHeHTH
bm paBHBbI HYJIIO.

T b

a, =—Yf(x)dx— szdx
0

2
2.z

JBa pasa HHTETPHPYS 1O HaCTAM, HafileM

2
a,=— [f (%) cos mxdx = —;2_— s‘ x%cos mxdx =
"o

2[ x2sinmx 2 5‘ . = 4 X Cos mx
= R[T—‘r;{ xs'“””“”‘]ﬁ — [—T +
1 s 4 *  4cos mm 4
+ o sinmx ] e [xcos mx ]0= —— = (=™
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CrefioBaTesibHO,

f(x)——+4§]

-
COS Mx o= 5

cosx cos 2x cos 3x
e o s )

Npumep 7. Haiitu psag @ypoe ’

ans pyskmuH f(x)=x? 0<x<

< 2x). T'paduk nepuHomHueckH /

NPOJIO/IKEHHOH (YHKUMH  H30- A '

GpaXkeH Ha pHc. 34. WANWANINANE
Pemenune. ®yuxuus f(x) YAVYAVAYE }/

He OTHOCHTCA HH K KJacCcCy yer- 0 27 47 6% 87 07 7227 x
HbIX, HH K KJaCcCy HE€YeTHbIX

GyHKUHHA. Puc. 34
2z 27
1 (", x3 8r?
ay = | wdx = 4 3
0
IBa pa3a PIHTeI‘pprﬂ M0 YacTAM, HaXOJHM:
1 2 . an
= ——j‘xz cos mxdx = —I-[M —ljxsm mxdx] -
T T m m 0
0

2 2
= —— [x cos mx — [ cos mxdx]2*=—— | x cos mx —
Tm 0 Tm

1. ™ 4,
———smmx] =—
m

2x

b, = —j‘ xrsinmxdx = — % [x”cos mx]?" +— jx cos mxdx =

2n

4r 2 . 4r
== T rm Slnmde——m"
0

Pasnoxenue B psp Pypbe npumer BHA

f(x)=4Tnz+4<cosx—nsmx+ °°52” _ﬂsi2n2x n
' 4+ cosmx _ nsi:lmx +-”)=

V,4 3ak 539 : 97



_ 4-2 +4E cosmx 4z E sirr:lmx.

m=|
Tpumep 8. Harmcarb pﬁ}.‘[ Dypbe a8 PyHKUHH
4mpr 0<x<r,
Fo={_5,
p < x < 2R,

[paduk QyHKUMH C ee TNepHOAHYECKHM MPOJOIKEHHEM TMIOKa3aH Ha
puc. 35.

Pewenue. Bocno/sb3oBaBUIHCh NMEPHOAUYHOCTHIO (YHKLUHMH, HH-
TepBaJl HHTErpHPOBaHHs, paBHbIi 27, BO3bMeM B NpOMEXyTKe (—w, &).
Torna

n 0 x
a, = _l_Sf(x)dx = %D‘de +6§‘ 4dx| = %["]o_n +% [l =1,

0

a, = —;t—jv f (x) cos mxdx = %S cos mxdx -+ —-j cos mxdx =

= n:i" [sin mx]"_n + T [sin mx]; = 0;

’: 0 n
b, = %j f (%) sin mxdx = % Ljr 3sin mxdx + § 4sin mxdx] =

+ —1‘37 [cosmx]c’_x —% [cosmx]; = —77 )it .

m
Hrak,

flx) = ! E (—I) L sinmx =

mx=1
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1 14 [ sinx sin 3x
_TJFT( r—F—3 ‘*)
B Toukax paspbiBa CymMMa psila paBHa %

TNpumep 9. Pasnoxutb B psig Pypbe pynkumio f (x) = ea* (a #0,

—nt <X < W),
Pewenne.
©
1 1 2shan
= —]epax — LI ar) . =2 “©
a, xedx M(e" e—ar) T

—_r

ar __ ,—ar

2
IMonb3ysicb opMyJ10if HHTErpUPOBAHHS 1O YaCTSIM, HAXOAMM:

rae shar = — runep6oMHYECKHi CHHYC.

a, = % Sf(x) cos mxdx = %J.e‘"cosmxdx =

1| acosmx4 msinmx . [° — ]'nl 2ashar
P m? + a? e == ) ®  miiad’

by = -l— jf(x) sin mxdx = -%j e**sinmxdx =

—TC -— T
1 a sin mx — m cos mx ® 1 2m
= — pax (e Y —1 ., .
T [ m? + a? e ]_n ( ]) P m? 4 a? sha

Takum ofpa3oM, B uHTepBasle (— =, ®) MOJYYHM PasjioXKeHHe
_ 2 1 Z (—nm . )
fx) =—shar) 5.+ lm la cos mx — m sin mx]
m=

Npumep 10. Haiitu psan Pypee ans odynxkuun f(x) =7 —x
(0 < x < 2x). T'padux GYHKUUH C ee MepHOAUYECKHM MPOLOIKEHHEM
Ha BCIO ocb x H3o0paxkeH Ha puc. 36.

Pewenue,
X on

2%
0= +| r—ndx = L[nx 5[ =0
0

Huterpupys no uactsiM, HaiiieM ocTajibHble KOXphHLHEHTBHI

2r
a —-LY(-: x)cos mxdx = 1 ﬂ_xsinlnk‘{— LySinﬂll'dx 2""“
m= =) (x—x)cosn T = 1 o
0

m

1
© m?

24" 99

[cos mx] f," =0



2r

. 1 r—x 1
Y(n —Xx)sinmxdx = ;[—- ——C0S Mx— le cos mxdx]0 =

1
bm-—;

..

— 1. * 1 * 2
=—]—[— T2 cosmx——;smmx] z:—[(x—n)cosmx] ==
T m m 0 w™m 0 m

Pasnoxenne B psx Pypbe umeeT BUI

@
sinmx
T—x=2 E _
m
Inal

Yy

45 37 Jul-;,\ ﬁ\l /3/‘\//f/

Puc. 36

Npumep 11. Pasznoxute B psan Pypbe dyHKUHIO
0mpu —r<x<0,
o =

xmpy O0<x<m
Fpadux ¢ynkuum BMecTe ¢ NMePHOAHYECKHM TMpPOJO/KEHHEM Ha BCIO
oCb x MpeacTaBneH Ha pHc. 37.

J
|
|

YANiRAWiN

47 3 -2d T 0 T 29 3T 47

b

|
Puc. 37

Pemenune. Haxonum koshduurentnr Pypoe:
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ki
1 xsinmx

L3
1 1
a, = ij f (x) cos mxdx = ijx cos mxdx = — [—T—
—_—T 0

1 (. ] 1 [ (=pm—1],
__’_n_jsmmxdx]o_m[cosmx}g _T[_—mﬂ—— :

1
b, = %‘S f (x) sin mxdx = %‘Yxsin mxdx = —]ﬂ—[— Xcosmx o

m
—_r 0
1 L xcosmx  sinmx |* cosmn (—1)"+1
—_ = —| — 4 _ — B .
+ — | cos mxdx]o n[ = = o - m
CrenoBaTtesbHO,
= 2 . sin 2x 2 sin 3x
fx) = T — o 0SX +sinx — —= ——— cos3x+ —— —
sin 4x _m 2 [ cosx cos 3x cos 5x
— T —T_T( L e +"’)+

sinx sin 2x sin 3x
+( i sinZe | o -)
T

B Toukax paspeiBa (yHKUMH f(X) cyMMa psza paBHa 3

§ 7. Pax dypbe Ha npoM3BOJLHOM WHTEpBaJe

Yacto NpHXOAMTCS PacCMAaTpUBATh 33layy O Pas/OKEHHH B psf
Dypoe nepuoanueckoil GyHKUMH f (), 3agaHHoOl Ha MHTepBane (—I, [),
rae ! — npousBoabHoe yucao (/> 0).

Ecan dyukuus f(r) Ha 3agaHHOM wuHTepBate (— [, I) ynosner-
Bopsier ycaoBuaM [Hupuxne (cM. § 4), TO ee pa3noxeHHe MOXKeT
OLITb JIETKO OCYLIECTBJIEHO IyTeM 3aMeHbl He3aBHCHMOH IepeMeHHOH
t = 11 x. Korpa x mpoGeraer untepsan (— I, l), nepemenHas ¢ npo-

Geraer uHtepBan (— =, 7). B aTom cnyuae dyukuma f(x) =f ( % t)

6yleT UMeTb MEepHOA 27 H, CJeZoBATeNbHO, MOXKeT ObiTb pasJioxkeHa
B pag Pypbe

fx) = f(% t) =2+ E (@, cos mt + b, sin mt),
m=1
HHaue

f(x) =% +E(a,,,cos ml” + b, sin mlﬂx), (21

m=1

4 3ak. 539 101



a, = -%ff(l— t)cos mtdt = —.lff(x) cos = 7 = dx; ((22)

bp = -l—Yf (IT t)sinmtdt = le‘ f (x) sin m?x dx.
— —1
Psan (21) npeacrasnsier coboii ¢GyHKUHIO ¢ mepHoaoM 2/.
3ametuM, uTo GOPMYJH A/ OnpefeseHHs KoxpdHuxeHToB Pypbe
B cJy4ae YETHHIX H HEYETHHX (DYHKUHMI 3alHCHIBAIOTCA N0 aHAJOTHH
¢ ¢opmysamu (19) u (20).
Has uetHBIX GyHKUMI

l
°=liff(x)dx,

| (23)

t
a, =-Il jf(x)cos n2E dx,
0

b,=0 (m=1,23,..).

Ecan ¢yukuus f(x) HeuetHas, To ee psn Pypoe

Fx) = Y b, sin "7
m=1

COJePKHT TOJIbBKO CHHYCHI, rje
1

by =2 F(9sin 27X dx. (24)
0
Koadppuuuentnt @, =0 (m=0, 1, 2, ..)).

Npumep 1. Pasnoxutb B pan Pypbe dyHkmuio f(x) = x c me-
pronoM 2/ Ha uHTepBajte (— 2, 2). I'paduk yHKUHH, NEPHOIHUECKH
NPOJOJ/IKEHHBI Ha BCIO YHCJIOBYIO OCh, IIOKa3aH Ha pHc. 38.

Pemernue.

®yukumus f(x) HeuerHas, chenoBatesibHo, ee psA Pypbe Gyner
cofiepXaTtb TOJNBKO CHHYCHI

. Tmx
2 b,,sin T
m=1
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2
o Tmx
dx=fxsm
0

!
m=—f—§f(x)sm dx =

2

2 T mx T mx 2 2x T mx
_[—Tchos——2 +mjcos 3 dx]o—[—ﬁcos 5 T

+

4 . wmx P —4 4
— om= m41.
—5 Sl —5 ]0— ——CosTm = — (— 1™y

Yy

]
|
/ 1 /
-31}/21 -lll U z
|
'1/

Puc. 38
sin umx . sm_;_ x
CE —2(—1)'"“ =\
sin ﬁ- X sin -3—1:- X )
2
—_ 5 + 3 —_—
Mpumep 2. Pasjioxuth GyHKuMIO ¢ nepHomoM 2!/ = 2, ompefe-
AseMylo paBeHcTBOM f(x) =|x|—1 mpp —1<x<1 B pag

Dypre.
Pemenue. OyHkuus yerHas, ciaeposatesbHo, b, =0 u

‘ 1
ao='}:S;f(x)dx=2§(x—1)dx=(x‘l)2|t'>=_

{

= dx—2f(x—l)cosﬂmxdx—

a, =—Il—- f (x) cos
-1

1
=2["‘ﬂl smﬂmx——551nnmxdx]—2[ lsmrm)c-l-

2 (—nHm—1 4 (— 1)2m—1
2 md o T@em—17
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Takum o6pa3som,

. 1 4 cos(2m—1)nx
f)=—5—= @mn—1)y

m=1

Mpumep 3. Pasnoxurs B paa Pypee ¢ nepuogoM 2/ =6 ¢yHK-
w0 f(x) =x —6 Ha orpeske 3 < x < 9. I'papux ¢yHKuHH, nepu-
OfIMYECKH MPOJAOJ/IKEHHOH Ha BCIO OCb, NOKa3aH Ha pHC. 39.

Yy

/ !
| / | | / ] z
JE/-b‘ 3 0 JE/ }9
| | l /

Puc. 39

Pemenne.

1 9
a, = %Agf(x)dx = %S(x—ﬁ)dx =—é— [(x_6)2]g =0;
- 3

9

1
amz—;—svf(x)cos m’;x dx=—3—sv(x—6)cos m;_xdx=
1 3
_1[3(x—6) . mnx _§_j’ mux 19
__3—[ SN —5— — —— sin —; dxa—
x—6 . mmnx 3 mrx |°
_[ —sin ——+ mAE%S 3 ]3=0,
1 9
1 . wmmx 1 . mmx
bm=l—5f(x)sm 7 dx=—3—j(x—6)sm 7—dx =
—1 3
1 3(x—6) mmnx 3 mnx 9_
"T[_ o COS—3 +H €os — dx]a—
. (x—6) mnx 3 .. mmnx 9_
_[— €08 ——+ ) Sin —3—|, =
6cosmm 6 (— m+1

T T Tmr T m m
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Hrak,

*  (— lym+1sin MEX
2 =—2

Onupasicb Ha cooTHouweHie (2) u puc. 39, 3afaHHyI0 QYHKIIHIO
MOXKHO paccMaTpuBaTb Ha HHTepBanae (—3,3),Toraa BLHIUMCJEHHS
KoaduinenToB Pypbe 6ynyT npoiue, a HMEHHO:

fx)=x, —3<x<3,

ao=0, am=0,

! 3
1 . max 2 (" . mrx
Tlf(x)sm —dx = Tas xsin——dx =

3x max 4 3 . mmx 3
— — - cos— o Sin—5— | =

6 6 (—Nmi
—_— MM ——— ¢ ———————,
mmw T m

b

w|

[

§ 8. O pasnoxenun B psg Pypbe
HenepHoaHYecKuX pyHxumi

Ho cux nop maa peub o pasjoxeHnud B psg Pypbe nepuoau-
yeckux ¢yHkuui. [TokaxeM, uTto ecau Hemepuopuueckass ¢yHK-
uus f(x), sapaHHas Ha uxtepBase (—/, [), ynoBJeTBOpsieT ycJo-
BHSIM TeOpPeMEl pasjloXUMOCTH (cM. § 4), TO ee TakXKe MOXHO
npeactaBuTh psagoM Dypse. y
Ins 3TOoro paccMoTpuM mnpo-
U3BO/ILHYIO ~ KYCOUHOIVIAAKYIO .
¢byHkuuio @(x) ¢ nepuomom | \ V(i \
2u=2l, xotopas coBnagaer |

|
|
|
|

I

‘ i
Ha (—l ) c dyuxumei f(x) ! \\ / [

!

|

(puc. 40). \ !

- Pasnoxum ¢yHKUHIO fp(x) — L ANV z
B pan ®Pypre. Cymma 3TOroO HOCLOLA

psfla BO BCeX TOYKax WHTEp- Puc. 40

Bana (—![, l) 6ymer cosma-

Aathb ¢ f (x) M BMecTe C TeM@(x) mNepUOLHYECKH MPOAOIKEHa
Ha BCIO OCb X. B 1eficTBUTENIBHOCTH pasJsioxKeHIle OCylIecTBJIsSeTcs
6e3 mnpuBJeueHHS BcrnoMmorartesbHOH GYHKUMH @(x) 1o ¢dopmy-
aaM (22), B KoTopbie BXOAHT HHTepBan (—/, [).

Ha npakruke Hepesko GyHKUHsS f(x) 3aj]aeTcs Ha HHTepBa-
ae (0, /). MonmoaHss onpeje]eHHe 3TOH (GYHKUHMM Ha HHTepBa-
ae (—!, 0) no mpoH3BOJY, MBI MOXEM €€ TaKXKe PasJioXKHTb B psij
®ypoe.

’
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DyHKUHA MOXKeT GbIThb OnpesiesieHa Tak, 4robul npy —I<<x<0
BbINOJHANOCHL f(Xx) =f(—x), U B pe3yabTaTe MOJYYHTCA UeTHAd
¢yHKuHs. B 3TOM cayyae roBopsiT, yTO GYHKUHA NPOAOJKEHA C
(0, /) Ha (—1, 0) yeTHnIM 06pasom (puc. 41, a).

Oyukuus f(x), mpogosKeHHas YeTHHIM 06pas3oM, MpPH pasJno-
XKeHHH B pax dypbe comepKHT TONbKO KocHHYychl. Kosdduuuen-
Tol Pypbe B 3TOM CJayyae BBIYHCASAIOTCA 1Mo dopmynam (22):

1

a,,,=-f—Yf(x)cos ’"l"x d« (m=0,12, ...).
0

e
8

Puc. 41

dynkuusa f(x) Ha uHtepBase (—!/, 0) Moxer GbiTb omnpeje-
Jena 1 tak: f(x)= —f(—x) (puc. 41, 6). B stom cayyae roso-
pAT, uTo GYHKIUHS NPOAO/IKEHA HeueTHHIM 06Gpa3oM; NMpH pasJo-
KenHil B pag Pypbe oHa GyeT cofepKaTh TOJAbKO CHHYCHI. Toraa
Ko3duuuenThl b,, onpenensiorcss no ¢opmyse
1

bo =2 fsin"TEdr  (m=1,2, ..).
0

l

INpumep 1. Paznoxuts B psan Pypbe GyHKUHUIO, ONpefeSieHHYIO
pPaBeHCTBAaMH

F () = Onmpu ©<x < 2m;
*) = 1 mpu 27 < x < 3r.

Pewmenne OyHkuuA 3ajaHa Ha HHTepBaJje JQJHHH 2/ = 2.
[TepHonuuecKH NPOJOJ/IKHB ee Ha BCIO OCb X, MOJYYHM (DYHKLHIO

¢ nepuoaom 2n (puc. 42).
Onpenenum koadpduunents Pypse:

%=%ﬁmw=%fpu=n
—_ 0
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k3 kL
®
a,= —ij‘f(x) cos mxdx = lﬂjcosmxdx = -%— . fiimm—xo =0;
—T 0
1 . 1 . 1 cos mx |"
b, = —ﬂ—S f(x) sinmxdx = -;—gsm mxdx = —ﬂ—-[— m ]0 =
—n 0
_ 1 (=n"=1
- n m
Yy
i | b i )
! ! : : ?
2% % 0 & 2% ar <%

Puc 42

3anuwem psg Pypbe pas GyHKuuu f(x):

1 2 V'sin(2m —1
9 =5 + 2 2=y

m=1

B Toukax paspmBa cyMMa psfla CXOAMTCS K 3HAYEHHIO, PABHO-

1
My—2 .

Mpumep 2. PasnoxuTb B psAl N0 KOCHHycaM GYHKUHIO
f(x)=x (0<x<7)

Pewenne. das pasnoxeHus f(x) B psia 0o KOCHHycaM npo-
JOMKHM ee Ha HHTepBan (—m, 0) uyerHeIM o6pa3oM. ['paduk
GYHKUMH ¢ TAaKHM NPOJO/IKEHHEM H NOCJAeAYIOLIMM INepHoanYe-

CKHUM NpOjfOJKEeHHEM Ha ocb X (mO MNepHoAy 2;) MOKa3aH Ha
puc. 43.

Y
SN
I |
|
2% & 0 7 27 z
Puc. 43
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L3

= %,

=_,“-j (x)dx_%jxdx=f7o

T

1 .
an = —| f(x)cosmxdx = — jxcosmxdx = —i—[—xs"’% —

T

—--l—jsinmxdx]ﬂ——‘q- L cosmx| = m— cos 0)
p o= " | T 08 0= nm2 (cosw

HJIH
4
21— (—1m — Tr MpH M HEUYETHOM,
bn =—"7|"m |~
\ 0 npu m ueTHOM.
[TosTomy
4 cos 3x cos 5x
flx) = ————(co X+ — + 5+ )

[Tonyuynsnu Takoe e passioxeHHe, Kak B npumepe 2 (§ 6). Ecan 6bl
3ajaHHasi GyHKUMA f(x) = X Gblja NMPOZOJ/DKEHA HEeYeTHHIM 06pa3oM
Ha (—mx, 0), To nmonyuusan GBI pasjioxeHHe ee MO CHHYycCaM, Kak
B npumepe 1 (§ 6).

Npumep 3. Pynkunio f(x) = |sinx] (0 < x < x) pasnoXKHUTb MO
KocHHYcaM. I'paduk ¢yHKIHH BMecTe C ero YeTHbIM MPOAOJIKEHH-
eM Ha uHTepBas (—=, 0) ¥ mocsefylOIIMM NPOJO/IKEHHEM Ha OCh X
npuseleH Ha puc. 44. °

Pemenune. OPyHkuus HenpepblBHa Ha Bcefl ocd x, yeTHas,
103TOMY

a, =_jf(x)dx= ——‘Ysmxdx =— l[cosx]"=%'

-—T

T
= %5 f(x) cos mxdx = %S sinx-cos mxdx =
-—T

Y\

Puc. 44
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_ 2 S"‘sin(l-l-m)x-}-sin(l—m)xd 1 [_cos(l+m)x
—_— ) X = — —_—

1!6 1: 14m
cos(l—m)x]"_L[l—cos(l+m)n l—cos(m—l)n]_
T T 1—m fo = m+1 + 1—m -
__1_[ 1 — (— l)m+1 1— (— 1ym—1 ]_1
== mEl T m—l1 == X
x[‘+(—l)"‘_l+(—l)(—l)’"“]_1[1+(—1)”‘ 1+(—l)"‘]_
m—+ 1 m—1 T m+1 T m—1 -
1 14(—1 2 14(—1
— e TRl m = S (),

Ecoiu m=1, 10

=0.

;.|&

©

2 sin?x|"
S sinxcosxdx = — -

7 2 o

Takum o6pasom,
(0 npu m HeueTHOM,

m i — — * ~5—7 TPH M YeTHOM.
Hrak,
. 2 4 (cos2x | cos4x , cosbx )
lsmxl—?‘?( t3s tT57 T

Npumep 4. Pynxumio f(x), onpejesieHHYI0 paBeHCTBOM
) = cosT- npn 0<x <—l2—,
0 npu —2— <x<lI,

pasioXUTh MO KOcHHycaM. I'padbMk GyHKUMH BMecTe C ee YeTHEHIM
npopomkenueM Ha (— [, 0) usoOpaxken Ha pHc. 45.
Pemenue. 3afaHHas GyHKUMs YeTHas, noaromy b, =0;

-~

! 2 13
2 2 2_2.
a, = l—fcos =Tjo‘cos——dx =—sm-T ) =
Yy
N N -7
7 o0 I 1 21 z
2 2

Puc. 45
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) 7
= %5 cos '"”dx = -%.Ycos%cos-'rzﬂ dx =
0 0
]
i)
=-;—Y[COS@X+COS@X](”C=
0
1 1 ( +1 T
_ m )o . (m—l)u 2
=7 [(m+l)n Xt = 1)1:5‘“ I x]o =
1 | Y ( +1 1 —1
=T[m+lsm“m )+ n“(”'2 )] (m = 1);
1
a2=?<——+1) T ,as_O a, = %‘, a; =0,
2 2 .
ae=§5—n. a7=0v a3=_63—1t’

m=1
Mpumep 5. Pasnoxuts B pag no cuHycam ¢yRKLHIO, onpeje-
JIEHHYIO paBEHCTBOM

X TpH 0<x<—;—'
f) =

| —x npn—é—<x<l

Ipabuk GyHKUMH BMecTe ¢ ee mnpojo/KeHHeM Ha (—![, 0) u
Noc/eAYIOIHM TNPOJOJIKEHHeM M0 TepHoay 2! Ha BCIO OCb X MO-

KasaH Ha puc. 46.
PemeHue. DyHKkuus BCIOAY HenpepoiBHasi, HeyeTHasi. Ilostomy

a,=0, a,=0;
1
I 2
j f(x) si T"l"x x = % Yxsin ﬂ'fdx +
0 3

b, =
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/4

—|-%j‘ —x sm— * dx.
T
tu

IMpoussoas 3ameHy —l M MHTErpupys No 4acTaM, Haijem:
T

2

b % tsmml'dt‘%-—j‘(w—t)smmtdt

0

2
T
2

2 t sin mt 2l (r"—¢f) cos mt |*
[ — ]0 += cosmtdt+ [ — ]‘ +

)
0 2

.
~
]
N~
oI~
-
<
N
Q)
&
é
>
8

Puc. 46

m

+ = jcosmtdt = 2m:,s' T=E2i'nlz‘~*(— 1ym+2,

2
CniefioBaTeJibHO,

f) = @m—1p S w

m=l

4 S () @m— l)nx 4 (sin’%

1
——z  t &

[TonyyeHHHIH psif CXOAMTCS B KaxXJOH TOYKe OCH X K (YHKLHH,
H300pa’keHHOH Ha pHC. 46.

sin>%  sin —5;" )

§ 9. KomnaekcHas dopma psga Pypbe
Psp ®ypoe

fo) = 5+ Y (a, cos mx + b,, sin mx),
m=]
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rae

T

a, = -i—jqf(x) cos mxdx (m=0,1,2, ..,

—_—T

I} (26)
>

WHOrJa ObIBAET NpeAMnOYTHTEJbHee NMPEACTABHTb C INOMOILBLIO (GOpMY.I
Dfinepa* B KOMIIEKCHOH (opMme.

Gopmynel  Ditnepa

b = = | f00)sin madx m=1,2, .

cos mx = —;— (e'm* 4- gimx),
. 1 i .
sinmx = 5 (elmx — e—lmx) —_ - (e—unx__ eimx)
NOACTaBHM B psif (25), MOJTYYHM

flo) = 2 + 2( e iy, T e‘”’-“)
m=1

St i)
m=1

3ameTtnM, uyTO ecau B dopMysnax (26) nomeHsTb m HAa — m, TO
KO3(pHLUHEHT a

’
m COXPaHHT 3HaK, TOrxa kKak bm HU3MEHHT 3HAK Ha
l'lpOTHBOHOJIO)KHbIﬁ, YTO CHMBOJIHYECKH MOX2KHO 3aNHCATb TaK

a,=a_,, b,=—0b_
YUHTHIBAsi 9TO 3aMeudaHHe, BblpaxkeHHe (27) MOXKHO 3amucaThb

fo) = 24 ZW eims 4 Y, 9m—bm gine _

m=1] m=—1

@ (-]
am — ib Z S
=3 Z ——-2—-_’"- elm-‘: —_ Cmelm.l,
m=—e

rae ¢, = 2m—Dm _Q‘b"’ .

m=—os

Mur nonyynnn psp Pypre B KOMIJEKCHOH (opMe

) = X ceims. (28)
Ma=—a0
*Jl. Dfinep (1707 — 1783) — 3HaMeHHTHIi MaTeMaTHK, MEXaHHK H (QH3HK
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Yrto6bl HalTH KODDHUHEHTH C,, YMHOXHM oGe uactH (28) Ha
€~!"* W TNpOMHTErpHpyeM pe3yJbTaT B npefiejax OT — = A0 = MpH
¢uxcupoBanHoM m (m + n):

T
S‘cme-‘”-‘ emdy =c
—_T

i (m—n) = —i (m—n) — 2Cm _ . =
[e —eé | = m_n sinw(m—n) =0

ei(m—n) x |n

m (m-—n)i|—

(m—n);
npu m = n WHTerpan paseH 2c, =.

Takum oGpasoM, kKo3pPHUHEHTH psina (28) BHIUHCAAIOTCH N0
dopmyJe

= %:5 frye=imdx (m=0, & 1, £ 2,..). (29)

HOnsa unrepBana (—/, [) pax Pyppe B KOMIIEKCHOii ¢opme
NpHUMeT BHI

©  lnmx
f) =Y caf ! (30)
m=—cw '
rae Ko3OQHUHEHTH Cm Haxonmca o ¢opmyae
—imnx
1
m=75f(x)e Lodx. 31)

§ 10. NpuGankenne bYHKUHH C MOMOLLBIO
TPHroHOMeTpHYeckoro mHoroysexHa. Hepasenctso Becceas

Ecan B pany ®ypbe HekoTopoil ¢pyHKUMH f(X) B3sATH KOHey-
1Oe YHCJIO YJEeHOB, TO MOJYyYyuM MHOrouseH Qypoe

n
41 .
Sulx) = & + 2 (a,, cos mx + b, sin mx).
m=1
Mo3HO cKa3aTb, yTo MHorousneH dypbe siBJAsETCA NPUGIHIKEHHBIM
npeacraBjieHHeM pa3saraemoit ¢yHkuuu f(x) =~ Snp(x).
Ilpu6nuxenue Gyner TeM ayuuie, yeM 6oJblie B3SITO YJ€HOB
psana. Ha puc. 47 noxasaHo npu6anxeHHe (PYHKUHH, onpenese-
MOH paBEHCTBOM
( — 1 npp —= < x <0, .
X) =
flx) lmpu O0<x<g=®

¢ TIOMOLUbIO ORHOrO M JBYX useHoB psina ®ypre.
HonycruM, uro ¢yHKuMO f(x), 3agaHHYl0 Ha HHTepBaJe
(a, b), MBl XOTHM 3aMeHHTb Apyro#i ¢yHKuue# ¢(x). [Ipu stoi
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3aMeHe BaXKHO 3HATb BEJHYHHY OIIHOKH NPHOJHKEHHOrO paBeH-
cTBa. Yalle Bcero 3a BeJIMUHHY OIIHOKH, 32 Mepy 6JH30CTH QYyHK-
uuit f(x) ¥ @(x) NMPHHHMAIOT CpellHee KBajpaTHyecKoe OTKJOHe-
HHe 0, onpefesisieMoe paBeHCTBOM

b

1
- 2
~1 s [ —emran
a
Y
i
[ [/} X
- Si=% Sinx r/E
Yy -~
1 7.7 S
- 77N < - P x
-TN——" \;, N ,’
NS = /.m - (Sml.,.flga —
.‘/’/ == N
S I 0, \‘ A ’L/\“ T
7 : = y Sindx, n/
e 5‘-(5‘[/1:* 4 ij =
Puc 47

3aeck MBI pelllHM OJHY 3KCTpeMaJbHylo 3agauy. [1ycTh 3anana
¢yHKuHs f(x) c nepHoaoM 2; M TPHrOHOMETPHUYECKHE MHOrouJje-
HBl N-TO NMOPsAKa

Su0) = 5+ i(um cos mx + B, sin mx). (32

Cpenu Bcex TPHrOHOMETPHYECKHX MHoOroujeHoB (32) nyrem
BbI60pa KOI(D@PHIHEHTOB U H Pfm HAHTH TOT, AJSI KOTOPOrO Cped-
Hee KBaJpaTHYeCKOe OTKJOHeHHe

j[f(x) Sa(0)Pdx (33)

JIOCTHraeT HaWMeHbllero 3HaueHusi. TakuM o6Gpa3oM, TpebyeTcs
HalTh MHHHMyM ¢yHKuMu (32) c¢ 2n+41 nepeMeHHBIMH ao, Qi
az ..., @n, PB1, B2, ..., Pn.

Bynem npemnonaratb, 4to ¢yHKuHs f(x) C HHTErpHpyeMblM
KBagpaToM, T. €. CYIUeCTBYIOT HHTerpasnl oT f(x) u [f(x)]%.

B pasencrBo (33) BMecTto S,(x) moACTaBHM IpaByIO 4acTb
(32) u pa3sBepHem KBaapaT, CTOSIIHI MOA 3HAKOM HHTErpana,
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o = 51— f{f(x) — [le —}—i( a,, COS MX + B, sin mx)] )zdx =
—n m=1

§L 5‘ { f3(x) — 2f(x) [ o4 2 (a,, cOs mx - #,, sin mx) ]

+ [5‘2& + E(m,,l cos mx + B, sin mx)] }dx =

= 2%5' fAx)dx — jf(x)dx —_— Z jf(x) cos mxdx —
—_ me] —=n

T
n n

1 . .
_TZIB,,,Sf(x)smmxdx_|__i)lTt "jdx+
n n n =
2—:' Elamjcos mxdx + ‘;—:"2 ijvsin mxdx-+
m= £3 —] —
1 g2 1 & N
Ry ot mad + - Sk { sire meax +

T
n

n
1
+ TZ Z X%y jcos mx cos kxdx +
mel k=1  —z
n n T

+ .i_ E N jcos mx sin kxdx +

k=l —TC

—

m=

’

3 9 jsmmxsmkxdx (m.+ k).

m’k
m=l k=1 —n

=||--

_|_

YuutniBas, uTO

a, = ::_S fx)dx, a, = -}t—j‘ f(x) cos mxdx,

T
= i—jv f(x) sin mxdx
—T
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koxppuiuentsl Pypbe GyHKIMH f(x), a TakKe
T L3
‘S‘cosz mxdx = =, ‘S‘sinz mxdx ==
-—TC —TC
U npu m=+k
T

T

‘Sv cos mx cos kxdx = 0, j sinmxsinkxdx =0

-_—TC -—

noJiyyaem

ﬁ=%jzmu ‘Wt—E@a44bM+%+
m=1

n

1 (4]

+ o Yien + ).
m=1

[Tpu6aBuM u BHIUTEM CyMMY
. n
2 1
TR ) P ¥

m=1
[Tonyumnm:

=_hWW—ﬂ—%

b

(am + b7) +

m=1]

n

+%+’2@ﬁwm—w“ — Yt + Bab) +

m=1 m=al
a?, l
(am *‘m v
T
o 1 a
%=7UWW—“~—Zw+M+
—_ m=|
n
1 1 \
+ 4 (“o - ao)2+ 3 [(am - am)2 + (pm— bm)zl'
m=1
HepBble TPH cJlaraeMble ImnocJ/JieJHEro paBeHCTBA He 3aBHCSAT OT
ag, a1, @2, ..., Un, ﬁ], vy ﬁn; Kaxnoe H3 OCTaJibHBEIX CJaraeMblxX
n

A (60— + o D[t — @) + (B — b))

m=1
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HEOTPHLATENBHO; HX CyMMa JOCTUraeT MHHHMYMa, PaBHOTO HYJIIO,
MpH o = Ao, A1 = A1, ..., An = Apn, Py = by, ..., Bn = bn. [lpu Ta-
KOM BbIGOpe K03duuHeHTOB o;, [ TPHTOHOMETPHYECKHI MHO-
roujed

Sax) = 5+ 2 (2, cos mx + B, sin mx)

m=1

OyneT MeHbllIe BCero OT/HYaThesi OT GYHKUHH f(x).

Hrak, Mbl [OKa3anu, yTo cpegHee KBaapaTHYECKOe OTKIOHEHHe
GYHKUHH f(X) OT TPUrOHOMETPHUYECKOrO0 MHOrOuYJEHa MopsaKka n
OKaXKeTcsi HaHMEeHbIIHM B TOM clyyae, ecid KO3(pGdHUHEHTHl 3TOro
MHorouneHa 6yayt kosdduunestraMmu dPypoe dyukuuu f(x).

CrnenoBaTe/bHO, HaHMeHblasi BeJHYHHA CPeJHero KBajgpaTH-
YecKOro OTKJOHEHHs olpejensieTcsl pPaBeHCTBOM

i=%}mwmnﬂé+ﬁm+w} (34)

m=1

Tak kak 6ﬁ>0, TO

n

B+ Vai+bd) <~ [ Itk

m=1 ﬂ

npu ao6oM m. B takoM cayuae npu m—oo psax

(]
o) V(2
2 4 Yag + o3, (35)
m=1
cocTaBJeHHBII M3 KBaapaToB Ko3dduuuertros dypne, cXomHTCH
I MOXXHO 3anHcaTb HEepaBE€HCTBO

x
2
a;

oo
2 9 l
2+ V@ + b3 <+ | lreorax, (36)
m=1 —n
KOTOpOe HasblBaeTcsl HepasencTéom Lecceas.
M3 cxomnmoctn paaa (35) caexpyet, uto nmpejen o6LIero 4ieHa

lim (am + bm) =0,

m- co
T. e. AGm—>0, b;y—0 npu m—oo.
2
[pu Bo3pacTaHUM n BeJHUHHA §, YyOBIBAaeT, MOCKOJbKY B (34)
106aBJagIOTCs OTpULATeNbHble caaraembie. Ecan 820 npu n—oo,
TO roBopAaT, uro MHorouleH Pypre Sp(X) cxomHTes K (QyHKUHH
f(x) «B cpenHem».
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§ 11. Huterpaa ®Pypobe

PaHee HaMu GbIJIO YyCTaHOBJIEHO, YTO BcsiKas GyHKuMs f(x),
yAOBJETBOPsIOUlasi HAa 3anaHHOM HHTepBane (—I[, I) ycaoBusaM
[upuxje, pasnaraercs Ha 3TOM HHTepBaJje B TPHrOHOMETpHUe-
ckiil pag Pypee

fx) =<3 + 2 (a cos 25 4 b sin 2 )’ 37)

m=l

rae
!
an=—+(fycos ar  (m=0, 1, 2, ..),
—'1
(38)
b, =T] j‘f(t) sin mrt m=1,2..)
(ans ymo6cTBa mepemenHas HHTCrPHPOBaHusS 0603HaueHa OyK-
BO# £).

310 pasnoxeHHe GyneT cnpaBefNHBBIM Ha Bcefl OCH X, ecaH
f(x) — nepuonnueckas ¢ysKuHs, 11 Ha uHTepBane (—I, [), ecan
¢dyukuus f(x) HenmepHoaHueckas.

PaccmoTpuM  Henepuomnueckyio ¢yHKuMiO f(x) Ha uHTepBase
(—1, !) B cayvae, Koraa MHTEpBaJl PacnpoCTpaHSETCS Ha BCIO OCh X,
T. €. npu / - + oco. Ilpu nepexope K mnpeneny psa Pypbe npespa-
waercst B uuterpan Pyprwe. Ecau B pagy Pypoe pasnoxenue pyHk-

uuH f(x) npeacraBiseT CyMMY «rapMOHHYECKHX KoJieGaHHiH», YaCTOTHI

4
KOTOpBIX o6pa3y10'r RUCKPETHYIO NOCJ1€J0BATE/IbHOCTh @) = T Ay =
2r

= -7 ey am=

mmw
T —7» TO pasioxenne ¢yskuMH  f(x) B uHTErpan

dypre TakkKe TMNPEACTAaBIsET CYMMY «rapMOHMYECKHX KoJsebaHwuii»,
OlHAKO YaCTOTHl MX 3aNOJHSIOT HenmpephlBHO BCIO Noayoch 0 < [<C oo.

OG6partuMcs Tenepb K npejejbHOMy nepexonay ot psga Pypee
Kk uHrerpany Pypne. Bynem npeanonarath, uto ¢yHKuMs f[(x)
Ha BCSIKOM KOHEUHOM NPOMEXYTKe OCH X HenpepblBHA H YIOBJIET-
BopsieT ycioBHaM upuxae. Ilycts, Kpome Toro, ¢yHKuus f(x)
a6GCcoJIIOTHO HHTErpHpyeMa Ha Bceil OCH X, T. . CYLIeCTBYeT Heco6-
CTBEHHHIH HHTerpaj ot aGCOJIIOTHOH BeJHYHHbLI 3TOH (QYHKUHH,
paBHBII HeKoTOpOMY uncay C:

Tiiewlar=c

Ecnu nopcraBum BhipaxkeHue a4s am 11 bm 3 (38) B psag (37),
TO NOJYYHM
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) = o jf(t)dt +L Z 5 fity cos L dt |eos 2% .

Mmel \ —/

4 4

+ if(t) sin %L gt | sin 2% =—217'[f(t)dt+
— —I

/4

+ —11—2 j‘f(t) [cos mrt cos m' -+ sin ""'“t sin m’;x ] dt

m=1—

HJH

oo
i(x) = jf(t)dt + 2 | Feos TU=D gy (39)
—l

m=1

Bynem Tenepn HeorpaHWYeHHO YBeJMUMBATHL / H NOCMOTPHM, Ka-
KOH BMJ NMPHMYT CsiaraeMele npaBod yactd (39).
[MepBoe cnaraeMoe, OYeBHAHO, OOPATHTCS B HYJb NMPH [—» co:

%if(t)dt \<2l,j|f(t)|dt = 0.

Ilns BbISiCHEHHsi Mpefesla BTOpOro CJiaraeMoro npH / — oo BBe-
JeM 0603HaYeHHsI:

n .
01=T, Ry = —— veey R = —

Aam == am+1—am - ’1—. (40)

Torpa Bropoe ciaraemoe (39) moxer OBITH 3aNMCaHO TaK:

N oo !
—;_mg _5' f (¢) cos — mr (t %) dt — -%-”;Aam[ —j;f(t) cosa,, (f —
— x)dt].

BripaxeHue, CTOsillee B KBaAPaTHbIX CKOOKaX, MpPH (DHKCHPOBAH-
HOM / MOXXHO pacCMaTpHBaTh KaK (YHKIHIO OT &,, a BCE BhIpaxKe-
HHe, KOTOpOe HAXOAMTCH MOA 3HAKOM CYMMEI, HAalOMHHAaeT HHTe-
rpajibHyi0 CyMMy AJsi GYHKUMH OT NEPEMEHHOTrO a, COCTaBJEHHYIO
ans uarepsana (0, o). IlosTomy ecTecTBeHHO OXHIATb, YTO MNpH
| - co 31a cymMma O6yner CTPeMHTbCS K JBOHHOMY MHTerpasgy

l ' ' —_—
TQ da ‘Sf(t)cosa(t x) dt

-— 0
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it smecto popmyanl (39) nonyunm
i =+ | da [ cosat—nar. @)
0 —w

PasenctBo (41) HasbiBaeTcs unTeepaavrol gopmyroi Pypee,
a WHTerpaJ, CTOSILIH B ee NMPaBOH YacTH,— uxTezpasom Pypoe.
Crporoe 10Ka3aTeabCTBO NOJY4YeHHOH (OPMYJBl MBI He IPHBO-
nuMm. Kak BugHo, uHterpan Pypbe ecTb ABYKpPAaTHBIH HHTErpas oT
GYHKUHH IBYX apryMeHTOB a M ! W 3aBHCHT ellle OT napaMerpa X.

®dopmyna (41) cnpaBegsuBa A/s BceX TOYeK, rae GyHKUHs
f(x) HenpepniBHAa; B TOYKAax pas3pbiBa NMEPBOro pojaa HHTerpal
dypbe paseH

% sd“ S f(t)cosa (t — x)dt = f(xo+0)-;f(x.._o) ,
0 —w

rae xXo— TOYKa Pa3phiBa.
Hurerpan Pypbe (41) MOxKHO 3anmiucath M B ApPYro# copme.
Packpoem KocuHyc pa3HocTtH

cos a(f — x) = cos afcos ax + sin & f sin o x.

[ToacraBuB npaBylo yacTh nocsnegHero paBeHcTBa B (41), moay-
YUM

Fx) = .H cosa xda | f(t) cosatdt +
0 —00
4 —i—j‘sinaxda jf(t) sina tdz. (42)
0 —o0

BHyTpeHHHe HHTerpaJbl ABAAIOTCH (YHKUHSIMH OT a; 0603Ha-
yuM ux yepe3 A(a) u B(a):

AG) =+ [y cosarat; By= [ #osinaar

Kaxablit 3 3THX HHTerpasoB Ha HHTepBaJje (—oo, oo) CXO-
IHTCs, TaK Kak ¢yHKuus f(f) no ycnaoBHIO aGCOMIOTHO HHTErPH-
pyeMa, clefoBaTenbHO, HHTerpupyeMbl ¢yHKuuu f(f)cos at H
f(t) sin at.

Huterpan ®ypre (42) B HOBBIX 0603HAUEHHSX 3aNHIIETCS:

f(x) = E[A (a) cos ax + B (a) sinaxl da. (43)
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Takum ob6pasoM, uuterpan ®@ypoe (41) uau (43) naer pasio-
KeHne QyHKUNH f(X) B HHTepBaJe (—oo, 00) Ha rapMoHHYecKHe
Kose6aHHsi ¢ 4acTOTaMH @, HenpepbiBHO H3MEHSIOWIHMICSH OT
0 mo oo, uaH, KaK roBOpPST, HMEeT HenpepbIBHbIA CNEKTP *.

§ 12. Unterpaa ®ypbe AN YETHBIX H HEYETHBIX QYHKUHH

O6patumcs k dopmyne (42):

(-] -]

flx) = —11‘— sv cosaxda s' f(¢) cosa tdt +
o —

1 . K

+ — |sinaxda | f(¢) sina fdt.

5 S

)

—m
[Mycte dyHkuus f(x) yernas. Torpa f(f)cos at TakkKe yerHas,
a f(f)sinat HeueTHas H, C/IeOBATE/bHO,

3? f(¢) cosa tdt = 23 f(¢) cos a dt,

_}of(t) sina tdt = 0.

B stom cnyuae dopmyna (42) npHmeT BHA
flx) = -:— s cosa xda ff(t) cosa tdt. (44)
0 ki
ITycte Tenmepp f(x) — HeyeTHass. B stoM cayvae f(f)cosat —
G yHKUMA HeyeTHast, a f(f) sine { — yeTHasi, U Mbl MOJNYYHM:

-]

[ f(2) cos a tdt = 0;

?‘ f(#)sinatdt = 23‘ f(7) sin = ¢dt.

dopmyna (42) Aas HeueTHoH GyHKUMH f(x) 3amuIIeTCs Tak:

flx) = -;2:- 5. sina xda j f(¢) sina tdt. (45)
0 6

Ecau ¢dyukuus onpejesnesa Tonbko Ha uHTepBasie (0, o), To ee
MOXXHO MpOJOJKHTb Ha HHTepBas (—co, () KaK YETHbIM, TaK U He-

* 3aBHCHMOCTb AMIJIHTYAH OT 4aCTOTH Ha3blBAaeTCH AMIAUTYOHLLM CnekT-
PpOoM (DYHKUHH.
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yeTHHIM 00pa3oM, a 3HAaYHT, NpPEACTABHTb Pa3/HYHBIMH HHTerpaJjamu
®ypoe — dopmynamu (44) unn (45).
B Toukax paspbiBa (pyHKUHH JeBble YacTH paBeHCTB (44) H (45)

[ +O)_2H *=0 = o e uHTerpansl Pypoe

HY>KHO 3aMeHHTb Ha

6ynyT:
1) anst yeTHoH GyHKUUH

“x+0)‘2’"f(x_0) =—1%—gcosaxda8f(t)cosaldt; (46)
0 0

2) Ansi HeueTHOH (PYHKIMH

] L

FOk0) 4 (x —0) _i-jsmaxda“t)smitdt (47)

2

0
Bosspatumcst K ¢opmyse (44). Ecan nonoxursb

o

¢(a) = l/ z f(#) cos x tdt, (48)

To ¢opMyna (44) npHMeT BHJ

@

l/ 2 S‘ ¢(2) cosa xd a. (49)

DyHKUHA ¢(2) HA3bIBAETCS rcocuH yc-npeobpasoganuem Aist PYHK-
unu f(x). Ecin B Bbipaxkenun (48) cuutaTth, uTO @(o) 3amaHHasn,
a f(f) — uckomasi GYHKUMS, TO OHO fBJASIETCSt HHTErpaJbHbIM
ypaBHeHHeM a5 GYHKUMH @(ct) H OHAa HaxogHuTcst H3 (49).

Ecan nonoxute B (45)

= ‘/z— jf(l) sina ¢dt, (50)

TO 13 (45) caenyer, uto

f(x) = l/g ‘ b(a) sin 2 xda. (51)
0

®yukurio P (a) HasbiBalOT cuHyc-npeobpasosanuem ®dypoe. Cu-

HYC- M KOCHHYyc-npeo6pasoBaHust Pypbe HAXoOAT IIMPOKOE MNPH-

MeHeHHe B pa3/IMYHOro poja 3ajayax MateMaTHyecKoll QH3HKH.
Mpumep 1. INpencrasuty unterpasom Pypbe PyHKUHIO

1 mpu |x| <1,
) =1 5 mpu | x| =1,
O mpu |x|>1.
122



Peutedue YuurbiBasi, 4to OGyHKuHS f(¥) — yeTHast, Ha

octioBanui Gpopmyabl (44) nmeem
oo

cosaxd a | f(fycosatdt =

Oy

f) = =

-] l -
=% Ycosa.xdafcosatdt: % swd ,
L} 0 6
TaK Kak
l .
[cosatdt = S0,
0 a
CaenoBaTeJsbHO,
6 1 npu |x]| <1,
2 Ycoszxsina ]l -
?- ‘_a_da— 2npﬂlx|_l’ (52)
' 0 npu |x|> 1.

Buipaxenne (52) HasbiBaeTcsi paspoleHoim mHoxcuresem u-
puxae. B uvactHoctH, npn x=0 nosydyum

igsinada=]
1‘!

2

0
o®

sina n
's‘ da—T.

HJIH

]

MBI BBIYHCJIH/IH HHTErpaJ, KOTOPbIi 0O6BIYHBIM cnoco60oM HHTer-
pHpOBaHHs 4epe3 3j€MeHTapHbIe (QYHKUMM He BblpaXKaercs.
Mpumep 2. Ilpeacrasuts HHTerpasoM Pypbe dyHKuUHIO

1 npu 0 < x<a,
f(x)={ —1 npu —a <x<0,
Onpu |x|>a.

Pewenue. 3amanHas ¢yHKUMs HeyeTHasi, no3TOMY BOCIOJIb-
syemcst opmy.ioit (45)

-] @

o = 2 (sinaxda | o sinaa =
0

8

I

a
-1%— Ysinaxdas 1. sinafdt =
h )

0
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- J o
2 . cosat|? 2 (sinax
== —ﬂ—jvsmax[— T]od“ = -K—S — (1 —cosaa)da.
0 0
CaefloBaTesbHO,

sinax lmpu 0<x<a,
_j‘ (1 —cosa a) ={—lmpu—a<x<0,
0 npu | x| > a.

Mpumep 3. IlpeacraButb uHTerpasom Pypbe ¢yHKUHIO

fx) = e5* 0<x< o, B>0), npogomKHB €e YEeTHbHIM H
HeYeTHBIM 00pa3oM.

Pemenwue. Tak kak ¢yHkuus onpegpenesa Ha (0, o), To mpo-
TOMXKHB ee Ha uHTepBan (— oo, 0) yeTHHIM o6pasoM, MoXeM NpH-

MeHHTb Gopmyny (44)

f(x) ——i— 5‘ cos a xda S f(f)cosa tdt =
0

-]

cosa xda Sve*-q tcosatdt.

2
T

Oty 8

PaccMOTpHM HHTErpaJ

[e—?tcosatdt.
0

HnTterpupys ero no yacTsaM, MOJy4YHM

e €

lim Ye—“cosudt:lim[e-ﬁ’ smat] + lim — j‘e—-“sinatdt =

[ -] e+ 0

= lime— 3‘5"1“ llmi[e—“cosat]o—llm i ‘e—”cosatdt

g -] 0

(l + = )llm Xr“cosatdt = %
e-owo

€—+00 ]

€

U3 nocaepHero BbIpa>KeHHs1 HaXOJHM

[e=?tcos a tdt = ot =
OkoHuaTeJbHO

= . _11 __2_. ’ ﬁ
f(x) ‘cosaxdajoe cosatdf = ‘! o cosa xd a.

a0

. b
0
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[Tponomkus GyHKuHIO €—** Ha wuHTepBan (— co, () HEUETHHIM
06pa3oM M HHTErpHpyst MO YacTsM, TMOJYYHM

0 oo a
fx) = 2 sinaxda | e?sinatdt =2 4 sina xda
ﬂ .. 12 1‘ a2+§‘2 ’ :
0 0 0
ITpy HeueTHOM mponoN- 9y
eHuH Touka x =0 ecTs /|
Toyka paspeiBa. U xoTst o B

f(0)= 1, B neiicTBHTEsNBHO-
CTH 3HaueHHe HHTerpaJa 3jiech
6yzeT paBHO moJycyMMe 3Ha- _ z

YeHuil CmpaBa H CjeBa OT g
Toukn x =0, T. e. HymO
(puc. 48).

Mpumep 4. IlpencraButsb -1
unterpasom Pypbe pyHKIHIO Puc 48

x—1mpn 0<x <1,
f(x)={ 0npu x> 1,

NPOLOJIKHB €e HeyeTHbIM 06pa3oM Ha OTPHUATE/BHYIO MOJYOCh.
Pemenue. Bocronb3yemcs dopmyJoi (45)

-]

f(x) -2 sina xda | f(¢)sina tdt =
| sneste]

(-]

= Lssinaxdag(t—l)sinatdt=
0

0

a

a

/’ l
_&‘Slnax[cosat( )+ sma]0 "
)

[

2 (. 1 sina>

= SIHGX(——a—“'- da.
0

Hrak,

-]

fx) == j Sine—2 Gnaxda.

0
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Mpumep 5. IlpenctaButh HHTerpajiom Pypbe yHKUHIO

V%cosx mp 0 <x <,

f(x)= ——%— V;— npH X = =,
t 0 mpu x > =,

NPOJOJIKHB ee HeueTHBIM 06pasoM Ha OTPHLATEJbHYIO MOJYOCh.

Pewe Hue. OyHKUHS KYCOYHOrNafKasi, HMeeT pa3phlB IepBOro
poAa B TOuKe X = .

flx) = % Y sina xda j f(t)sina tdt =
0 -

= —1%—5Vsinazxdozjv V—g—costsinatdt =
0 0

= V%jsinaxdaj—; [sin (@ — 1) ¢ + sin (a + 1) ¢]dt.
0 0

Bblusc/HM BHYTpeHHHH HHTerpaf:

kg

%—Ylsin(a— )¢ +sin(a+ 1) ¢ldt = %[

[%
0

cos(a—1)¢
T 1=a

Cos(1+l)t]"__l_[cos(1—l)ﬂ:_ 1 cos(z+ 1)= _
- 1+ a o 2 I—a I—a l1+a +l+a -
1 |cos(@a—1)= cos(a+4 )= 2a 1 [ cos am
-T2 1—a 1+a T1=—< 2| 1=+

+_cosa1'c _l _ 22 | 2z _
1—a2 5z 2 |COS* a1 T =21~

Takum o6pasom,

@

V Z '\‘a2 (cosanr 4 1) sina xd a.

0

Mpumep 6. Ilycte f(x) =e2* (a>0, x> 0).
Pemenune. Hafigem kocunyc- npeoGpaaoaaHne ®ypoe. Bocnons-
30BaBIUMCh (48) H HHTErpHpYs MO YaCTAM, NOJYYHM
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T o
n  a?+42?

Vel
%(2) = ]/ % s e% cosa tdt =
0
ciiHyc-npeo6pasobaHue Haligem no popmy.e (50)
':J(a) = V%je‘“’ sina {df = V—?‘- az;_w.
0

TakTkak e—°* uHrerpupyema Ha wuntepsajse (0, o), To no ¢opmy-
Jam (49) u (51)

2a | coszx
:ifﬁiﬁdl=€”x (x> 0)
0
H
2 asinax
'?ﬁ????da:r“ (x>0)
0

I

“cosa x n asinax =
cosaxy, T ax — T o—ax
‘ da = e, Y a4 =5 e

HOCJIC).IHHE JBa paBEHCTBA HA3BIBAIOTCS UHMESpANAMU Jlanaaca.

§ 13. Huterpan Pypne B KomnjekcHo# c¢opme
O6parumcsa Kk dopmyne (43) § 11
fix) = [ [A (2) cosa x + B (a) sina xld a, (43)

0
rae

46) =+ [ i cos aat,

m@=%5mmmmn

I[TpeoGpasyem mnoawiHTerpanbHoe BbipaxkeHue ¢opmynsl (43) c nc-
Mouiblo hopMys Ditnepa

0

i2x —lax lax —iax
f(x):gl:A (ﬂ%—i—ﬂ@%—]da:
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= —; é’{ [A(a) — lB(a)] elax [A(a) + lB(a)] ! ax} da. (53)

Beenem o6osHauenus
F (@) = =[A (2) —iB ()],
F(&) = =[A(2) + iB(@)]
u Ttorja, moicTasiass BMecto A(x) M B (2) MX 3HayeHHs, MOJSYyYHM
F()= | f(f)(cosat —isinat)dt = [f(tye=i=tdt,
- = (54)
F@) = [ f(ty(cosat +isinatydt = [ f(tyei=tdt.
O6osnauus F (a) = F (— a), BbolpaxeHust (54) Mbl MOXKeM paccMaT-

pHBAaTb KakK ¢YHK11H!O OT a H AJ IOJIOXKHTE/JIbHBIX H JJd OTpHLa-

TeJIbHBIX 3HaYeHHH a.
Ecmu mopcraBum F (2) B uuterpan ®ypoe (53), To noayynm

f(x -_-%S[F(a)e’”+F(-—a)e—'“"]da= .
0

= zl—ﬂ{jF(a)e‘”da+5°F(—a)e—‘” da } -

= ;T{SOF (a)elaxdaﬂ-—il-“(a)e‘”da} =%—£F (a) e 2xda,

TaK KakK [ocJie 3aMeéHbl @ HA — &
e 0
[F(—a)e**da= | F(a)e**da.
0 —00

Hrak, MBI noayuusan

f0) = |Feerda, (55)
rge -
F@)= ] f(fyetetda. (56)

®yukuua F(a), onpemenenndas ¢opmynoit (56), HasbiBaercs
npeobpasosaruem Pypve pns GyHkuud f(¢). Pyskuus f(x),
onpegeneHHas ¢opmyaoit (55), HasbiBaeTcs uxrezpasom Pypove
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ana ¢oyHkunu F(a). UHoraa komnaekcHyo ¢yHnkuuio F(a) Hasbl-
BalOT CNeKTparbHoll (pynKyued NIH cCneKTparbHol xapakTepucru-
xod. Monyab kommiekcHoit ¢yHkuuu |F(a)| Ha3biBaercs amnau-
TYOHBIM CNEKTPOM.

Kaxnoe u3 paeeHcts (55) wuau (56) MoKHO paccMaTpHBaTh
KaK HHTerpa/jbHoe ypaBHEHHe, B KOTOPOM (YHKIUHS BHe HHTerpasa
3ajaHa, a moj 3HaKOM HHTerpaJja pa3biCKHBAeTCs.

Mpumep 1. Haiitn cnekrpanbuyo ¢pyHKuuio (nmpeo6pa3oBaHue
®dypoe), ecan
£ 1 npu |x| <1,

X) =
O nmpu | x|> 1.
Pewenne. Ilo ¢popmyne (56) Haxomum

Fla)= | fhye—et dt = :51 Ce—int df = [e_"' ]' _

Mpumep 2. HaliTH cnexTpanbHyl0 QYHKUHMIO H aMIUIHTYAHBIHA
CNeKTp

e~ mpu x>0, a>0;
f(x) = 0 n
pu x < 0.
Pewenue Haxonum cnekrpanbhyio ¢pyHkunio F(a):

0o ©o

Fa)=|eate-iet df = [e-@+ 19t df =
0 0

. e—(a -+ a) ¢ on—_ 1
- a1 o a-+ia’

AMOHTYAHBIA CIEKTP

1
[FO) =Varae -

lMpumep 3. [Ipencrasuth uHTerpanoM Pypbe B KOMIIEKCHOIT

-opMe, HaHTH CNEKTPAJbHYI0 QYHKLHIO M aMIIHTYAHBIH CIEKTP,
€C/H

e~%sin wx npu x > 0;
flx) = 0 npu x < 0.

Peweunune. Ilo dopmyre (56) HaXoAHM CHNEKTPasibHYIO QYHK-
uvio F(a) (yuutbias, uto mpu x<0 f(x)=0)

F@) =[fyer dt = grar et sin otdf —

= [e—t@+1n sin wtdt.
0
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Hnsi pelueHHs nocnefHero HHTerpaja Bocnosb3yeMmcsi (opmyJion
HHTErpajsbHOr0 HCYHC/IEHHS

o __ e%* (asin nx — n cos nx)

Se"- sinnxdx = o + C.

Torna
F(a)=|e—t@+1n sinotdt =
0
. g—Ha+in [(a + ix) sino ¢ 4 o cos wt] |® _ ®
o @+ i) + ol o @ttt

Hrak,

F(a): (@F i2)? + 3 =a2+w2—a’+2¢1ai'

AMniuTyaHBIH CeKTp

V @+ o — 2% + (2a2i)t V(@@ + o) + 2% — 222(wlt 3a?)

Hurerpan ®ypre B koMniekcHoit ¢opme

w

|F (@) |=

oo
A

1 1 ® )
f(x) = —2;‘5' F(l) elax d:z = —2-;-'8 .(_am_enx dl,
— o0 o .
w ¢ elax
f(x)= _2?() md:,

Mpumep 4. Haiitn npeo6pasoBanne Pypbe 17151 ¢yHK UMM
—x+1mpn 0<x <1,

fy={ *-+1lmpu—1<x<0,
0 nmpu |x|>1.

Pemenne. Has Toro
yToObl HAaHTH npeoGpa3oBaHHe

AN

R F @)= | floyésdt,

NIPOMEXKYTOK  HHTErpHpPOBAHHS
pa3obbeM Ha OTJe’bHble HHTep-
Puc. 49 Bail  (— oo, —1), (—1, 0),
(0, 1) u (1, o), TOraa
—1 0 1
F(a)=[0-ettdf + [(t + 1)e—tst dt + [(— ¢t + 1)e—ist df +
— o0 1 0
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©o

+J0.et2tde.

1
IMepBblit ¥ nocsenuit HHTerpasbl NpaBoOM CyMMbl, OYEBHIHO, PaBHbI
Hymo. OcTa/jbHble MHTerpabl, KOTOphle COOTBETCTBEHHO OGO3HAYHM
yepes [, H [, NPOHHTErpHpYeM MO YaCTSM:
0
(]

0
— —la . ('t+l)e—”"] 1 . _
ll—j‘(t_'-l)e “dt“'[_—_’-f-ﬁ?e—’ tdt =

—ia
Co_ 1 ettty 1,1
-—E'*'[T]_]—_ﬁ'l'ﬁ_'az_'
1
=\ (—t+ Yetordr=| g — T L0, L
L ia a? o ia az ' a2
(]
CiienloBaTesibHO,
1 1 e 1 ete 1
Foy=hth=—grag—gtp——a+taz=

IMpuMensis K nocjiefHeMy cJaaraeMoMy ¢opMysbl Ditnepa, HaxoauM

a
2. 2sin?—-
F(a)= 2 ._2cosa= 2 (1 — cos a) _ 2 )

a2 PT) o2 o2

OKoHyaTe/bHO

4 sin*—-
sin 9

F(a) =




FaaBa IV

[lousirue 06 ypaBHeHMsIX
MaTeMaTH4eCKOi (Pu3uKu

Muorse 3apayd Gu3NKH H TeXHUKH NPHBOAAT K auddepeH-
IHaJbHbIM yPaBHEHHSIM C YAaCTHbIMHU NPOU3BOAHBIMHU. Judgepen-
YUAAbHBIM YPABHEHUEM C HACTHbIMU NPOU3BOOHbLIMU HA3bIBaeTCs
ypaBHeHHe, CBsi3biBaloOlllee HeH3BecTHYIO (yHKuuo u(x;, Xz ...,
Xn), He3aBHCHMBIe NMePeMeHHble X, X, ..., Xn H YACTHble MPOHU3-
BOAHHle OT HeH3BecTHOH ¢yHKunn. [lopsigok crapuieil uyacTHoi
NpOH3BOAHOH, BXoAsllell B YypaBHeHHe, Ha3blBaeTcsi HOPAOKOM
YPaBHEeHUs ¢ YacTHbIMH NPOH3BOJAHBIMH. PeweHnuem ypaBHeHHS
C YaCTHbHIMH NPOU3BOJAHBIMH Ha3blBaeTcsl BcsiKas QYHKuHs u(x,
Xg, ..., Xn), KOTOpas, 6yAyuH nmoacTaB/ieHa B YpaBHeHHe BMECTO
HeH3BeCTHON (yHKuMH, o6pallaeT 3TO ypaBHeHHe B TOXKIECTBO.

OuddeperunanbHble ypaBHeHIs ¢ 4acTHBIMH TNPOH3BOJLHBIMH
NONYYHIH Ha3BaHHe ypaBHeHHHl MaTeMmaTHueckol ¢H3uku. Teo-
pHS TaKHX ypaBHEHHH HaXOAHT MHOTOYHCJE€HHble IPHMEHEHHS.

§ 1. OcHoBHble YpaBHEHHS MaTeMaTHYeCKOH (HU3HKH

OCHOBHBLIMH YpaBHEHHSIMII MaTeMaTHYyeCKON (H3HKH (4Js C.1y-
yasi QYHKUHH ABYX He3aBHCHMbIX NepeMeHHbIX) SIBJSAIOTCS B0.1HO-
80e ypasHeHue

T = g <1>
YpasHerue Tenaonpo8oOHOCTU
% —a o @
u ypasHnenue Jlanaaca
S+ g =0. @)

Paaniynble ¢u3nyeckHe npouecchl MOTYT OMICHIBATbCS Onll-
HakoBbIMiI AH(depeHuHasbHbIME YpaBHeHHAMH. Tak, Hanpuep,
ypaBHenue (1) onucbiBaeT nmpouecchl ManbiX MoNnepeyHbixX Koeba-
HHil CTPYHBI, MPOAOJAbHBIX KoMeO6aHHil CTePXKHs, 3JEKTPIYCCKHX
KoJsicGaHnit B npoBoiax H MHorie apyrie. IMeHHO mosToMmy H3y-
yeHHe OCHOBHBIX ypaBHeHH{l MaTeMaTHyecKOil (HU3HKH NpeacTas-
asieT 60.1bLIOH NPAaKTHYECKIIH HHTepec.
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§ 2. BbiBOA OCHOBHBIX YpPaBHEHHiHi MaTeMaTHYECKOH PH3HKH

l. YpaBHeHHe Kone6GaHUl cTpyHH. B Maremaruuye-
CKOil (pH3HKe CTPYHOU Ha3blBalOT FUOGKYI0 YNPYTyl0o HUTb, He OKa-
3bIBAIOLLYI0 CONPOTHBJEHHS U3THOY.

PaccMOTpHM HaTAHYTYIO CTPYHY, KOTOpas B HayajbHbli MO-
MeHT coBMelleHa ¢ orpe3koM 0<x<{/ ocu x. Bynem cuHTaTh, 4TO
KOHUBI cTPYHbl X = 0 M x = [ 3akpensiensl. Ecau Tenepp cTpyHy
OTKJIOHHUTb OT NEePBOHAYAJbLHOrO MOJIOXKEHHS U NMPeaOCTaBHTb ca-
Moil ce6e, TO OHa HayHeT Koje6GaTbca. Hama 3agaya COCTOHT
B liccaeOBAHHH 3THX KoJcOaHHH.

u
MI +AY
Ll
7 z
0] ¥ T+AZ l o
Puc. 50

Cpenaem pan ponyuleHud. Bygem cunrtath, uto KoseGaHus
CTPYHBI NPOHCXOAAT B IJIOCKOCTH (X, 4) M YTO OTKJIOHEHHS TOUYeK
cTpyHbl or Ox MaJibl HAacTONBKO, YTO YBe/iUeHHeM ee HJHHH B
npotuecce koaebaHuil MOKHO npeHebpeub. Takue Konebauusa cTpy-
Hbl OyIyT OMHCbiBaTbcA GyHKuHel u(x, ), rae u — OTKJIOHEHHe
TOYKU CTPYHBI ¢ abcuiiccoii x B MOMeHT BpemeHu f. Torga Harts-
xeHlte T ocraeTcst OAHHM H TeM e BO BCeX ToukKax cTpyHbl. CTpy-
Hy e OydeM cyllTaTb OJHOPOAHOIl, HMelOLeH MOCTOSIHHYIO JIH-
HelHyI0 TNJIOTHOCTb {.

[Iyctb B HeKOTOpBII MOMeHT BpeMeHH ¢ CTpyHa HMeer
KOH(Hrypauuio, H300paxkeHHYl Ha puc. 50. BhiieuM  3ieMeHT
CTPYIIBI

~~
ds = MM’ .
Ha xoHuax 3toro s/neMeHTa NO KacartejbHbIM K HeMY [€HACTBylOT
CH/Ibl HATSXKeHHsl, BeJMYMHa KaxJaoH H3 KortopblX paBHa T. Ero
macca pasHa pds = pdx, TaK Kak, NnpeHeOperast yBeJHUEHHEM JJIHHHI
CTPYHbI, MOXHO CYHTaTb, 4To ds=dXx. :

[MycTb KacaTesqbHble K 3JIEMCHTY dS CTPYHbI OGPa3yIoOT C OCbIO X
yrasl ¢ U ¢+ Ap. Tak kak ds=dx, To yrabl ¢ H o4 Ag
MaJsbl, M TO3TOMYy MOXHO CYMTaTh, YTO

sing=tgo~o¢ u sin(e + Ag)=tg(s + A o) =0 - Ag.
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Ha ocnoBauuu BTOporo 3akoua Huiorona (F = ma) ypaBHenHe ABH-
eHHs1 3/eMeHTa ds CTPYHbl MNMOJ AeHCTBHEM IMpPHJIONKEHHBIX K HeMy
CHJl HMeeT BHI

(pdx)a =R, )

re @ — YCKOpeHHe 3JeMeHTa, a R — paBHojeHCTBYyIOllas CHJI, TpH-
JIOKEHHBIX K ero KOHLaM.

INpoekTupyss BeKTOpPH @ H R Ha oCb 4 W NOJb3YsCb YpaBHEHHEM
(4), moayuum

Ru = (." dx) a, (5)

Tak xak

R,=Tsin(p +A4¢)—Tsinp=<T (e +A;)—T¢=TAg
H YCKOpeHHe

_ 0«
" g

TO M3 ypaBHeHHs (D) mosy4yuM

02

p a—;:- dx=Td ¢. (6)

Ho

tg o=y — ou

87 =U= ox '
TOr 12

ou
¢ = arctgw

1o
au 2 axz
1+ (5)

0%

d(?= dx=de.

- fou P ..
3peck Mbl npeHeGperJIH BeJIHYHHOM | 5 | — GECKOHeYHO MaJioi Mo

CPaBHEHHMI0 C ejWHHLeH, YTO cJeayeT M3 JomyuwleHHs ds==dx.
JeficTBHTENIbHO, ec/H
X FAx

ds= | VT4 utde=dx,
X
TO
V1+ur=1
[ToygcraBass 3HaueHusi ds B ypaBHeHHe (6), monyyum
2 84 gy = 7%y
P aX = L gt
Cokpaias Ha dx H o6o3Hayas —Z; =ga% 1o/NyyaeM YypaBHeHHe
JBHXKEHHSI CTPYHBL
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d?u d%u
W == azw. (7)

2. YpaBHeHHC pacnpocrtpaHeHHs TeNn.1a B
ctepxHe [Ilyctb oAHOPOAHBIH cTepXKeHb NOMeIEH B TelJO-
H30JIHPYIOLLYI0O 000JIOUKY H Harper Tak, YTo Temnepatypa B pas-
JMYHBIX €ro NofepeyHblX CeyeHHsIX pa3juuHa. Ecau npekpaTuthb
HarpeBaHHe 3TOrO CTEPXKHS, B HEM HauyHeT MPOHCXOJAHTh Npoliecc
PLIDABHHBAHHSl TeMMNEPaTyp: TeIIO CTaHeT PaCNpOCTPAHATLCS OT
Gosiee HarpeThiX MeCT K MeHee HarpeTbiM. IJTOT npouccc Oyaer
onHchiBaTbhcst OyHKuHelt u (x, t), rie u — TeMnepaTtypa TOYCK IO-
nepeyHoro cedeHns c¢ abcuiiccoift x B MOMEHT BpeMeHH f.

7 b xXx+AX Ji

Puc 51

PaccMoTpuM ceueniie x (puc. 51) Hallero crepxHs u Haiigem
KOJIHYEeCTBO TeMJIOThl, MPOTeKalollee Yyepe3 3T0 ceyeHHe 3a 3/1CMeH-
TapHbIH NPOMEXYTOK BpeMeHH df. B MoMeHT { remneparypa
cTepxKHs B TOuKe x Oyner u (x, ), a B Toyke x+ Ax TeMneparypa
B 3TOT MOoMeHT Oyaer u(x+Ax, t). PasHoctb

u (x, t) —u(x+Ax, t)

JaeT najeHiie teMnepartypbl NpH nepeMelieHHH U3 TOYKH X B TOY-
Ky x + Ax. Tornpa oTHouleHHe
u(x, t)y—u(x4-1x 1)
Ax

JlaeT najileHHe TeMMepaTypbl Ha €QUHHLY IJIMHBI cTepkHS. Ecau Ax
du
Maso, TO 3TO OTHOLUEHHE MOXXHO CYHMTATb PaBHbIM — E.Hycnk—

KO3 PuyuenT Ten10NPOBOOHOCTU, T. €. KOJHYECTBO TENJOTbl, KOTO-
poe Oynér nporekathb 3a €JMHHIY BpEMEHHM yepe3 CeueHHEe CTepXHf,
eCTH TeMmrnepaTypa CTepXKHsl najfaeT Ha 1° mpH mepeMeleHHH BJOJb
CTepXKHS Ha eUHULY JJMHBI. TOrxa, eciH Ha €IMHHIY IJHHBI CTEDXK-
HA Ha yyacTke [x, x -+ A x] NpHXOZHTCS TNajeHHe TeMnepaTypbl —

du “
— 3 TO 3@ €QHHHLY BpEMEHH uepe3 CeUueHHe x IMPOHAET KO.THYeCT-

du
BO TENJOThI, paBHOE —kaxa/z. 3a Bpems Xe df (OT MoMeHTa

BpeMeHH { O MomeHTta { -+ Af) uepes ceueHHe X nepeiizer (csiea
Harpaso)

Q=—k2at au.
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BbigcnuM Temepb 3JeMeHTapHbI oTpe3ok [x, x+Ax] crepx-
Ha. 3a BpeMmsa (f, t+Af) B Hall OTpe30K BOMMET yepe3 ceueHHe X
M3 J1IeBOil YacTH CTepXKHH

Q= — kux(x, t)dt kaa.

3a 31O XKe BpeMsl H3 Hallero oTpesKa yepe3 ceueHHe X + Ax

yizer HanpaBo
Q2= —ku_ (x+A x, t)dt kaa.
Takum o6pa3oMm, 3a BpeMmsi df paccMaTpHBaeMblil 37eMeHTap-
HBIAl Y4aCTOK CTepKHA [x, X+ Ax] noayuut
AQ=Q—Qo=klu,(x + A xt)—u, (x, t)ldt kaa.
Tak Kak
u (x+Ax t)y—u/(x, t)y=u_(xt)dx,

TO
du
A Q =k oy dxdt.
Ecau ¢ — ynenbluas TenjaoeMKOCTb CTEPXKHS, TO NMOJyYeHHE
2
AQ= kg—x':dxdt Kan

TEIJIOThl NMOBBICHT TEMNEpATYpPy €AHHHLUbl MACChl CTEP2KHA HA
k

- ng‘: dxdt epad.

BcneicTtsie Toro, uto Macca ortpe3ka [x, x+Ax] cTepxus
paBHa o dx, rae p — JHHeilHas MJIOTHOCTb CTEPXKHS, KOTOPYIO Mbl
O6yAeM culTaThb NMOCTOSIHHON, TeMIepaTypa 3TOro oTpeska npi no-
JAyuyeHHH UM AQ KaJlopHil TEemJoTbl NMOBBICHTCS Ha

ko O dt epad.

cp | 0x®

C npyroii CTOPOHbI, 3TO NOBbILIEHHE TEMIIEPATyPbl CTEPKIIsl B TOY-
Ke x 3a BpeMsi df paBHO

u(x, t+ At)—u(x, t)=%it dt.

Taxkum o6pa3oM, Mbl MOJAYYHM PaBEHCTBO
ou kR %u

k
Cokpamas Ha df u o6o3nayas = a?, MoJy4YyHM YypaBHEHHe TeIio-

IIPOBOAHOCTH

Ju _ o 0%
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3. YpaBHeHlle NMOTEHUHANbHOTO TeYeHHSA XKHJI-
KOocTH. PaccMoTpiuM nsockonapannenbHOe TeueHHe >KHIKOCTH
B HEKOTOPOH NPOCTPAHCTBEHHOI 06sacTH W.

TeueHHe Ha3bIBaeTCH N20CKONAPANNENbHOIM, €CTH KAPTHHA Te-
yeHHs OJHHAKOBa BO BCeX MJIOCKOCTSIX, MapaJJenbHblX 3aJaHHOH
NJOCKOCTH, HanpuMep INJOCKOCTH Xy (TeueHHe He 3aBHCHT OT
KoopaHHathl 2). B TakoM cayuae

v=0(x, Yy),

rae v (x, y)—nmnoJe cKopocTell TeKyIueH MKHIKOCTH.

ITocKoJIbKY TeYeHHe :KHIKOCTH MOTEHLUHAJbHOe, TO BEKTOp CKO-
poCTH (X, y) ABNSAETCA NMOTEHLMANbHLIM BEKTOPOM, T. €.

= grad u(x, y), (9)

roe u=u(x, y) — noreHuHaJbHas (yHKuUHSA moasl CKOpocTeil.
Ecnu B 06s1acTH @ OTCYTCTBYIOT HCTOYHHKH H CTOKH XKHIAKO-
CTH, TO

divo = 0. (10)
M3 (9) u (10) caenmyer, uto
divgradu(x, y)=0

HJIH
0%u |, 0%u
o T =0 (1)

Takum o6pasoM, MJOCKOe YCTaHOBHBLIEeCs MOTeHUHaJbHOE
TeyeHHe HeC:KUMaeMOH XHUIAKOCTH (TJIOTHOCTL p = const) Ge3
MCTOYHHKOB I CTOKOB ONHcbiBaercs ypaBHeHHeM (11), Koropoe
Ha3biBaeTcsl ypaBHeHHeM Jlansaca.

§ 3. HavaabHble u rpaHHyYHble yCJOBHSA

YpaBuenuss (1) — (3) umeroT GecKOHeuHOe MHOXKeCTBO peLie-
uuit. Tak, Hanpumep, n106as8 GyHKuHS BHOA

u=q(x—aty+ P(x + af),

rae ¢(z) u P(2) — nBaxab auddepeHuHpyemble QyHKUHH, §IB-
JsieTcsi pellieHHeM ypaBHeHHusi (1), B ueM Jerko y6eaHuTbcs Hero-
CpelCTBEHHOI NPOBepPKOii.
JeitcTBHTENbHO, BBeAs N5 yA0OCTBa NPOMeXYTOYHble apry-
MeHTHl §y = X — af n 2 = x + af, HaXONHM, YTO
B d WY@,

d02u

T =)+ ¥ @),
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X ——ay () +ay (@),

62 3 ” (NG
S =@ %" (Y) + a2y (9)

1, cjaeaoBaTeJibHO,
Pu . du
—_— = at—.
or 0x?

Bronte noHsiTHO, 4TO HHTEpecylollee Hac pelueHHe 6yner onpe-
OEJSITbCS HEKOTOPbIMH [ONOJHHTEJIbHBIMH YCJOBHSAMI, BBITEKal0-
WM H3 cyulecTBa 3agaud. TakHMH SBJAAIOTCS YCJOBHs, 3ajaio-
lIlle COCTOsIHHE Mpoliecca B HayaJbHbII MOMEHT BpeMeHH (HauaJb-
Hble YC/OBHs), H YCJOBHSA, ONpele/siiollle TeyeHHe INpolecca Ha
rpaHuue o64acTH, B KOTOPOil paccMaTpHBaeTcs npouecc (rpaHiy-
Hble yCJIOBHSA).

Hanpumep, nas ypaBHeHust (7) KojieGaHHH CTPYHBI Haya.1blibl-
MII YCJOBHAAMH MOTYT OBITb

u(x, 0)= f(x), (12)

Uy (x, 0) =0.

ITepBoe 13 ycaosuit (12) 3apaer ¢popMy cTpyHbl B HauaJabHbIil MO-

MeHT BpeMeHH f = (, a BTOpoe Bblpakaer TOT (aKT, 4TO B Ha-

YaJbHBIH MOMEHT BPEeMEHH BCe TOUKH CTPYHBI HaXOIATCS B IMOKOe.
YcaoBus xe

u(0, t)y=u(l, t)=0

SIBJISIIOTCS] TPAHIYHBIMH YC10BHAMH. OHH NOKa3blBAIOT, YTO KOHIBI
cTpyHbl ¥ = 0 u x = [/ 3aKpenJeHbl Ha OCH X.

PaccMoTpuM Tenepb 3ajayy O pacnpocTPaHeHHH Temsa B
crepxkHe. Kak 6bl10 noka3ano B § 2 HacTosilel riasbl, 3TOT Npo-
necc onvcoiBaeTcs ypaBHeHHeM (8). HauanbHoe cocTosiHHe 3TOrO
npoiecca MoxeT 6bITh ONHCAHO HauyaJbHbIM YCJ10BHEM

u(x,0) = f(x), (13)

3ajapliiM B MoMeHT ¢ = 0 TemnepaTypy CTepxKHs B J106OM ce-
YeHHH.

ITycTb KOHLBI cTepKHsi MOrpyKeHbl B Tarouuit geq. Toraa ten-
JOBOH PeXHM HAa KOHILAX CTEepPKHsSI MOXKHO OMICAaTh IPaHilYHbIMH
YCJOBHSIMH

u(0, t)=u(l, t)=0. (14)
3ananue ycaoBuit (13) u (14) onpexnessieT eaMHCTBEHHOe pe-
uleHHe 3a[auH.

Ecan xe npouecc CTauHOHaprlf‘l, T. e. He MEHSIIOUIUACS BO
BpeéMelid, KakK, Hanpumep, B CJyyae IOTEHLHAJbHOTO TeyeHHUs
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JKIAKOCTH, KOTOpOe ONMHCbiBaeTcst ypaBHeHHeM (11), To eguHcT-
BeHHOe pellleHHe onpeje/sieTcsl 3afaHHeM PaHHYHOrO YCJOBHSA

u=f(x, y) (15)

11a rpaHiule o6JacTH H3MeHeHUs NepeMeHHbIX X H Y. 3xech
f(x, y) — u3BectHas PyHKuHS.

§ 4. Meton ®ypbe pasgesnenus nepeMeHHbIX

ITyctb TpeGyercst HailTH pelueHHe BOJIHOBOrO ypaBHeHHs

%=az%(0~<x<l.0<t<m)' (16)

YIoOBJ€eTBOpslOlLlee HayaJbHbIM YCJOBISAM

u(x’ O) =f(x)v
uy (x, 0)=go(x),}(0<x<l) (17)
I{ TPaHHYHLIM YCJIOBHSAM
u(, 71)=0,
u(l, t) =0, , 0 <t <) (18)

HauyanbHeIMH ycnoBusaMHu (17) 3apaloTcs OTKJAOHEHHMs H Ha-
ya/bHble CKOPOCTH TOYEK CTPYHBl B MOMeHT BpeMeHH f = 0, a rpa-
HIlYHble ycJ10BHs (18) yKa3blBalOT, yTo KOHLbl CTPyHb x =0
H x = | 3aKpenieHbl.

[TpennonoxuM, uto HckoMas GyHkuus u(x, {) MoxeT ObITb
npeicTaBjeHa B BUle NPOH3BeAeHHs

u(x, t) =X (x) T(t) %0, (19)

rae X(x) 3aBHCHT TOJIbKO OT X, a T (f) — TosIbKO OT t.
Bynem uckartbh pynkunio u(x, {) =X (x)T (¢) =0, ynosaerops-
IOLLYI0 TOJbKO IpaHHYHbIM ycJioBHsaM (18).
Tak kak u(x, {)s£0, To CcyuleCTBYIOT TaKHe 3HAaueHHd X=X
H !ty 4TO
u(xo, to) = X (x0) T (f) + O,

OTKyJa CJeiyeT, uTo

T (to) + 0.
Ho rtorma M3 rpanuunsix ycJaosiit (18) 6yneM uMeTsb
X(0)T (to) =X ()T ({0) =0. (20)

M3 (20) caenyer, uTo Hckomas QyHKuHus X(x) ynoBieTBopseT
yCJI0BHAM '

X(0)=X(I) = 0. (21)
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[NoacraBasis QyHKIHIO
u(x, t)y=X(x)T(¢)
B ypaBHeHHe (16), noayuum
XT” = a?X"T,
OTKyZna

TI/ X”
=% (22)

O6paTuM BHMMaHHe, YTO JieBas 4acTb paBeHCTBA (22) He 3a-
BHCHT OT X, a MpaBas yacTb He 3aBHCHT OT {. 3TO MOxKeT ObITb
B cJayuae, eC/M JieBasi M NpaBas 4yacTH paBeHcTBa (22) sBJsOTCA
NOCTOSIHHBIMH BeJIHMUHHAMH, PaBHbBIMH MexkKay co6oil. O6o3Hauas
3TY NOCTOSIHHYIO BeJIHUHHY yepe3 —A, 6yaeM HMeTb

X (23)

OTKy1a moJsiyyaeM JBa OObIKHOBEHHbIX gH(depeHUHaNbHBIX yPaB-
HeHHS:

T” + Aa®T =0, (24)
X"+ AX=0. (25)
[TokaxxeM, uTo mocTosiHHas BeJHYHHA A nosoxHrenbHa. IlycTs,
HanpuMep, A=0. Torna u3 (25) caenyert, yto
X// — 0
H, CJle10BaTebHO,
X(X) = Cix + C..
Ho ¢ynkuus X (x) noaxea ynoBierBopsTb ycaoBusM (21), u3
KOTODBIX CJeNyeT, YTo
C,-0+C,=0,
C,-l+C;=0,
otkyga C;=Cy=0, a 3Hauut, X(x)=0. Ho torpa u u(x, {) =0,
YTO MPOTHBOPEYHT ycjoBHio (19).
INyctb Ttenepn A<0, HanpuMep A = —k2. Torpa ypaBHeHHe
(25) 3anuwercs Tak:
X" — kX =0.
O6ulee pelieHlie 3TOro ypaBHeHUs OyneT
x=0C ekx 4 Cge—k".
YuutbiBas ycaoBHe (21), moayyuM cucTeMy ypaBHeHHH
Ci+C,=0, :
Cie# 4 Coe=* = 0,
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oTkyaa HaxoiauM, 4yto C; = C; = 0. Ho Toraa cHoBa X(x)=0 u
u(x, t)=0, yro nporuBopeuyutr ycsosuto (19). Tem cambim mo-
Ka3aHo, YTO BeJHYHHA A MOJIOXKHTE/bHA.

O6osHauas A uepe3 k2%, mepenuuiem ypaBHeHHe (25) B Bige

X"+ k2X =0. (26)
Haiinem pewenune ypaBHeHHs (26), ynoB/eTBOpsilOlee YCJIOBHSAM
(21). O6wee peuwenne ypaBHeHus (26) ecTb

X = Cysinkx + Cycos kx.

INoctosinnbie C; n C, onpespeiuM H3 TPaHHUHBIX yc\noaufa (21):

C, =0,

Cysinkl = 0. }
IMocrosinnas C, He MoxXeT GbITb paBHa HyJI0, 16O B 3TOM ciyyae

X=0 u u(x, t)=0, uro HecoBmecTHMO C ycaosusimu (19). Cue-
noBarteasHo, C,5=0, u Torga

(27)

X =C,sinkx. (28)
U3 BToporo paBeHcTBa (27) caenpyet, 4To
sinkl =0,
OTKyna
k=%F (n=1,23,.) (29)

3amernM, uyto n =0 Mbl He Gepem notomy, 4to A >0 Hu, cue-

nosatesbho, k=1 k= 0. Tak Kak uckoMoe peluenHe (28) comep-
JKUT TNPOH3BOJIbHBIA MHOXHTeNb C;, TO JAOCTaTOYHO B3fITb TOJIBKO
LeJble MOJIOXKHTe/IbHbIe 3HAYeHHS! n, OTOpPOCHB 3HaueHusi n =- — |,
—2, —3, ... Takum o6pa3om,

X=Clsinilfx (n=1,23,.).

Tak kak npu Jio6oM n MOXKHO BbIGHpaTb TnpoussoabHo Cy 7 0,
MBI TOJIyyaeM GeCKOHEYHOe MHOXKECTBO pelleHHH ypaBHeHHs (25) mpu
rpaHHYHBIX ycaoBHAX (21):

xn=c,,sin"_li’f n=1,23, .., (30)

rie MpoH3BoJibHas nocTosinHass C, He paBHA HYJIO NpH JIOGOM n,
Haiinem Tenepb o6luee pelueHile ypaBHenus (24)

T” + Aa?T = 0.
OG6uuiM pellieHHeM 3TOro ypaBHeHHs GyaeT
T =Mcosa)/ »t-+ Nsina )/ ¢, (31)
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rne M u N — npousBosibHble nocTosinHele. Tak kKak A = k%, a k=

= 1%' (n=1, 2, 3, ..), To npu JI060M U3 BO3MOXKHBIX 3HaueHHH A

T,(t)=M,cos "2t + N,sin =2t (n=1, 2,3, ..) (32)

H, C/Iefl0BaTeJIbHO,
u, (x, {) = X,(x) T, (t) = C,sin "T'”‘[M,, cos "¢ + N sin—j t ].(33)
OGosunauasa CoMu=A, u Cy,N,=B,, nonyuum:

u,(x, t) = (A,, cos ’-‘lizt + B, sinf—;’—a t)sin ’31"—" (34)
IMpu n06om n ¢yukuus (34) ynosierBopsier ypasHeHuwo (16)
H IPaHHYHBIM ycsaoBuUsaM (18).
PaccMoTpuM ¢yHKIHIO
00
u(x, )= E[A,, cos ﬂTM t + B, sin ﬂTnat]sin ’%‘, (35)
n=1\
onpeaeneHnyio psaaom (35). Ecan kosapouunentor A, u B, Tako-
BHl, uTo psa (35) cxomuTcs H gomyckaer ABYKpaTHoe auddepeH-
1u1poBaHue no x u mo f, To GyHKuusa (35) sBAsETCA pelleHHeM
JIMHEHOro 0 AHOPOJHOrO ypaBHeHHus (16), y10B/IeTBOPAIOLUINM I'pa-
HHYHBIM ycnoBusM (18).
IMoneiTaeMcss mono6path Koapduumuentsl A, u B, Tak, uTo6Hl
yIOBJIETBOPSJINCh H HayajbHble YCJOBHUS.
Ha ocHoBaHuH mepBoro H3 HauaJbHBIX ycjoBuH (17) umeem:

fr) = Y A,sin 0% (36)
n=1

Ecau dynkuus f(x) monygkaeT pasnoxeHue B psa Pypbe Ha
untepBane (0, /), To koadouuuentsr A, 6yayT KoabdHuHeHTaMu
dypbe dyHKUHMH f(x) H, caemnoBaTenbHO,

l
2 .. TN
A=+ s‘f(x) sin == xdx. (37)
5

Juddepenunpys paBeHcTso (35) mo ¢ 1 nosab3yscb BTOPBIM H3
HayanbHbIX ycaoBuit (17), monyuyum:

()= Y,B, " sinZ" . (38)
n-1
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Ecau v ¢oyHKuus f(x) Toxe ponyckaeT pasjiodeHHe B Psij
®ypoe B nutepnage (0, /), To
l
a

2 .
B, 1‘__1'1_ =- g ¢ (x) sin ’% xdx, (39)
0

OTKy 12

~

.. Tn
B, = ;—253' P (x) sin - xdx. (40)
0

Takum o6pasoM, ecau KosdpduuieHtst A, u B, psga (35) onpe-
nensiorcs no dopmynam (37) u (40), npuuem psa (35) cxoautes
H JOMyCcKaeT JBYKpPaTHOe MHTErpHpOBaHUe NO X U MO f, TO (DyHK-
uus (35) siBasieTcs pelleHneM ypaBHeHHs (16), ynoBaersopsio-
IKHM HauyaJabHbIM ycs0BHsIM (17) 1 rpaHHYHBIM ycaoBHaM (18).

§ 5. PU3nyeckoe HCTOJIKOBAHHE pELICHHS
YPaBHEHHsI KOJIeOAHHH CTPYHBI

JagnM ¢u3HuecKoe HCTONKOBaHIE MOJYUEeHHOMY peLIeHHIO

u(x, t)=2(A cos“'wt-i-B sin =27 t)sm - % (35

n=1
dyHkuuu
™ na

u, (x, t)=( os—t—I-B sin = t)sin’%x (34)

SIBJISIIOTCS IpH Jo6oM n (n =1, 2, 3, ...) pelleHHsIMH ypaBHeHHS
(16) npu rpaHuunbix ycsaosusix (18).

Kaxpnas ¢ynkuus (34) npexncrasasieT co60oil Tak Ha3blBaeMyio
CTOSIYYI0 BOJIHY, NMPH KOTODOM BCe TOUKH CTPYHbl COBepLIAIOT
rapMoHHYyecKHe Kose6aHHs C OfHHAaKOBOIl da3ol u uactoToit. ATO
JIeTKO BHJeTb, npeo6pa3oBaB pelleHue (34) K BUOY

—— A % na
— 3 J——
u, (x, t) = ‘/An -+ B;, (‘/-F COSTt+
B, = na \
_r1 --—t sin ™7
+ VAn+B sin
HJIH
u, (x, t)=a,,sin"l—"x ~sin(’illqt+an), (41)
ruae
A B
a, = A , sma = ———2" __ cosa, = ——
VA B Vaiysy  VAi+Bh
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H3 (41) cnenyer, 4To BCe TOYKM CTPYHbl COBEpIIAIOT TapMOHH-
uyecKHe KoJie6aHMsl C OJMHAKoBOH @¢asoit a, onnﬂaxoaoﬁ 4acToTOH
T na

©, = H aMIinTy 0l KoneGaHusi, paBHOH a, sin =" l "x. Tlpn ta-
KOM KoOJ/1e6aHHH TOYKH CTDYHBI
KB 21 n—1
x=0x=—,x=—=, ..., X= Il
Il n n

6yayT ocTaBaTbCA B TMOKoe, a CTPyHa OyneT M3jaBaTh 3BYK, BHI-
COTa KOTOPOTO 3aBHCHT OT YacCTOTH! Kojie6aHHU .. CaMblil HU3KHI
TOH Ha3bIBalOT ocHo8Hbim. Ero yacrora

e (42)

rne T — HaTAXeHHe CTPYHBl, p — JIMHeilHas TJAOTHOCTb, a [—
IJHHa cTpyHbl. M3 ¢dopMynbl (42) BHAHO, YTO 4acTOTHl OCHOBHOTO
TOHa TeM Bblllle, YeM Kopoue CTPYHa, ueM O6oJibllle HaTsXKeHHe
CTPYHBI H YeM Jierye cTpyHa.

ToHa ¢ uactoTo#t ®, Haa n>2 Ha3nBawTca obeproHamu.
OO6epTOHBI, YaCTOTHl KOTOPLIX KPaTHHl YacTOTe OCHOBHOrO TOHA,
Ha3blBAIOTCA 2aPMOHUKAMU.

Pemenne (35) cknagbiBaercss M3 OThe/IbHbIX TapMOHHK, neil-
CTBHe KOTOPbIX CBOAHMTCS K CO3llaHHIO TeMOpa 3ByKa.

TakuMm o6Gpa3oM, 3amaHMe HauyasnbHBIX YycjaoBui (17) O6yner
onpexgeasaTb TeMOp 3BYyKa, H3JaBaeMoro kKojebaiouleiics cTpyHol.

Meton ®ypbe pelueHiss BOJIHOBOro ypaBHeHHs (1) npu rpa-
HHYHBIX ycsoBHAX (18) n HauanbHbIX ycnoBusix (17) naer Bo3-
MOXKHOCTb omnpejenuTb KoadpduuneHTsl GyHKUHN (35) TakK, 4TOOH!
yIOBJI€TBOPAJIMCh HauaJlbHble YCJOBHs, T. €. yToObl 6bl1 obecre-
yeH 3aJaHHBIH TeMOp 3BYu4aHHs CTPYHbl. 3aMeTHM, UTO HayaJjlbHbI-
M1l YCJOBUSIMH OlpejiesisieTcss H TPOMKOCTb 3BY4aHHsl CTPYHBI, TakK
KaK aMIJHTy/Ja Koje6aHus

VAL + B} sm— x

TOYEK CTPYHHl ompejensiercs Haua/bHbLIMH ycaoBusimu (17), uro
Jerko BHIHO U3 dopmya (37) n (40) nas onpeneneHus Koadpdu-
111eHToB An M B

§ 6. Npumepnl pemeHus ypaBHeHHH KoaebaHHil
CTPYHb MeTOaO0M Pypbe

Mpumep 1. OnHoponHasi cTpyHa AJuno# [ HaTAHyTa Mexny
ToukaMH x =0 H x = [. B Touke x = ¢ cTpyHa OTTATHBaeTcs Ha
He00./1bLI0e PAcCTOsHHE A OT MOJNOXKEeHHs] PABHOBECHS H B MOMEHT
t=0 ornmyckaercs Ge3 HauaJbHOH ckopocTH. OmnpenenuTb OTKJO-
nenue u(x, t) CTpyHol ans nM060ro MOMeHTa BPEMeHH.
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PeuweHue. 3a11aqa CBOJIHTCA K pelleHHI0 BOJHOBOIO ypas-
HEHHSA

Pu_ g u
o 0x?
NpPH TPaHUYHBIX YCJOBUSX
u@©, y=u(l, )=0
¥ Haya/bHREIX YCJOBHSX

—x mpu 0 < c,
ulr 0= h(x_l) npu c< x < I,
u,(x, 0)=0

Hiem pelieHne B Bufe

u(x,t) = E(A cos =2 ¢ .+ B, sin == t) sin =2 T 2 x, (35)
n-1
rhie koapouuuentnl A, u B, onpejensiorcs no ¢opmynam (37)
u (40).
[To ¢dopmyse (37) naxoaum
1
A, = —21—.S'f(x) sin’#xdx = %—j‘—ﬁ- sin Tt—-)cdx +
0 0

l
2 h(x—l) n __ 2 TN
-ij Tde =T X sin i de+

o —n

+ — l(c j‘(x l)sm

Hurerpupys no vactsM, HaxoiuM
c

(4
.. Tn ) nn ) Y =n
== - — — == — | cosZ= xdx =
j‘xsm 7 xdx 5 % Cos xo—l—ﬂn' S d.
0 0
cl T ne 2 .xn |°_ d n nc 2 = ne
== Tt g ST X = T s T i
AHaJIOTHYHO HaiieM
!
nnxl

—|—R—I-scos—xdx =
[

j, (x—l)sinil—"xdx= :—’f(x—l)cos—l——
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l T ne 2 '_ l(c—1) r ne
::——;(c——l)cosl }—rznzsm—[—x — oS —
B . mnc
—mp ST
Toraa
2h cl T ne I T e
A”_‘_c—[—.n _l+ T2 SIN 7 ]+
2h lc—1 T ne 2 mnc|
+ Ic—10 [ = 08T Zm s ]_
2h1 sinr._nc_ 2hl snnnc_
T ®=2n% l {c — 1) =2n? M= =
__( 20 2h! )sinnnc_ Oh? A ginEne
T \=%ni (c— ) n2n? I 7 mc(c—1) n? T
2hi? 1 . =nc

=-———— - —sin
o ® c(l—c) n? l
ITo dopmyne (40) naxomuM, uto B, =0, Tak kak ¢(x)=0. [loa-

craBass B (35) BMecto A, ¥ By 11X 3HaueHHs, OJTYYHM HCKOMOE
pelicHHe

2h[? 1 . =nc w nat T nx
u(x, t)= o= e sin == cos — sin -/
n-1

INpumep 2. OnHoponHass CTPyHa, 3aKpenJieHHass Ha KOHLAX
x=0 n x=I/, uMeeT B HayaJbHbHIH MOMEHT BpeMeHHl QopMyay

napa6oJist
__x(l—x)
f(x) - M )

rie M —nocrosinHas. OnpeesuTh CMelleHHe TOYeK CTPYHBI OT npsi-

MOJIMHEHHOTO NOJIOXKEHHs paBHOBecHd, npeanoJsaras, YTo HayaJb-
Hbl€ CKODPOCTH OTCYTCTBYIOT.

Pewenne. HyXHo HaliTu pelleHHe ypaBHeHHs KoseGaHHil
CTPYHBI

0%u s 0%u
_ = Q% ——
oe? 0x?’
€CJIH TpaHHYHbIE YCJIOBHA

u@©, y=u(, t)=0
M Hava/bHble YCJIOBHS

u(x, 0) = "(IM;")
du
o t-0 0.
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Pewenne nwem B Bige psga (35). Koapduunenrs A, Haxo-

nuM o ¢opmyse (37):
T nx ‘

l
9 . oax 2 {
A, = I_M,Jx(z—x) sde"=z—[“a"(’—"’°°S“z_ 0"

'1 {

+ 4 (1—2x)cos“+'”dx] =?,?W[$(’—2")5‘“¥ ot
0
I3

T S [ T

Mo opmyne (40) naxomum, uto B, =0, Tak Kak ¢ (x)=0. Cne-
JOBaTeJIbHO, TMOCTaBJIeHHAsl 33Jaya MMeeT peLUeHHe

-]
12 — (=" d .
u(x, t)‘_“%ME l fl, D™ cos r;‘at sm”—l"x=
n=1

1

(k+rmat o (24 Drx
kT 1p I

Ccos i

(Rl

_
oM
k=0

(Tak Kak npu YeTHOM n = 2k 4 2 umeeM 1 — (— 1)* = 0).
Npumep 3. Haiitn ypaBHenne u = u(x, f) GopMbl OXHOPOAHOM

CTpYHBI, 3aKpensieHHOH B ToukaXx x =0 M x =/, B NPOHM3BOJIbHBIH
MOMEHT BpEeMEHH [, eCJH

T
ou vo NpH |x—c| <,
u(x,0)=0u5“0= -
) 0 mpu |[x—c|> 5,

Pemenue. Pewenue numem B Bume psaga (35). Ilo dopmysne
(37) naxomuMm, uto A, = 0. Koapduuuentsl B, HaxoauM mo ¢op-

myJe (40):

e+ L.
2 o
2 .omnx o 20, l T nx 2h
Bn=mj ”os’“T"x—m(—an)
o T ““on
2h
T T
2v, [ nnlc— o) "-’1(0"‘—27)
= w=2n2q] COS 7 — CO0s i =
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4u,l sin T ne sin n?n
n3n2a [} 20l °

IMoactasasis An 1 Bn B (35), noayunm HCKoMoe pellueHiie

0o

4u,l 1 . =mnc_. =n%n . ‘'mnat . wnx
2 a el sm——l— 51n—2Tl SN —— SN ——

[} )
n=l1

u(x, t)=

MBI paccMOTpesnH MeTOH pasjiefieHHs MepeMeHHBIX (MeTox
dypbe) n/s ypaBHeHHs] MaJibIX KoJieGaHHi CTPYHB. DTHM XKe Me-
TOLOM MOXKET GBHITb pelleHO ¥ YypaBHEHHE TelJONnpPOBOLHOCTH NpH
onpefieseHHbIX HAayaJbHBIX 1l TPAHHYHBIX YCJIOBHSX.

3aMeruM, uyto Merton DPypbe He sBasercs oOWIM JAJf
BceX ypaBHeHH{l MaTeMaTHyeCcKOH (U3HKH, TAK KaK OH NPHMEHHM
TOJbKO TOT'Aa, KOrfla HCKOMOe pelleHHe u(x, {) NpencTaBHMO B
BH €

u(x, t)=X(x)T ().

KpoMe Mertoma ®ypbe, cyliecTByeT Ilegblil pajg APYTHX METONOB
pelleHHsl ypaBHeHHil MaTeMaTnuecKoii ¢pusauku. Ho 3t MeTomnl
yKe BBHIXOASIT 32 paMKH nporpammbl obuiero Kypca Bhicluefi Ma-
TeMATHKH JJISl BBICIUHX TeXHHYeCKHX yuyeOHbIX 3aBeleHHI.



OTJNABJEHHWE

AHCAOBHE

B:Ewwﬁ@mpmp— -

—_—
B w

—
o

. JluHefinble npeoGpas3oBaHMs H MaTPHUBI
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